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Abstract§

This paper presents a study of what is sometimes regarded as the conceptual
heart of quantum theory, namely, the orthodox ‘physical’ interpretation of non-
commuting operators as representatives of incompatible (non-simultaneously-
measurable) observables. To provide a firm foundation for the analysis,
a definite statement of the essentials of modern quantum theory is given
briefly in the form of a mathematical axiomatization together with a review
of the two measurement constructs introduced elsewhere (Park, 1967b).
Contrary to custom in discussions on simultaneous measurability, the un-
certainty principle is not dwelt upon but simply stated carefully in order to
establish its actual irrelevance to the problem at hand. It is then demonstrated
that the much quoted ‘principle’ of incompatibility of noncommuting observ-
ables is false. The axiomatic root of all incompatibility arguments is next
identified ; and it is shown that, with a slight modification of the basic postulates
which affects neither useful theorems nor practical calculations, quantum
physics no longer entails illogical restrictions on measurability. Among the
related topies touched upon are the problem of joint probability distributions,
the ‘logical’ approach to quantum mathematics (wherein noncommutativity
becomes incompatibility within a propositional caleulus), and the field theoretic
attermpt to unify quantal and relativistic physics through a postulated connec-
tion between incompatibility and space-like intervals.

1. The Compatibility Problem

It is characteristic of physics to represent observables by mathe-
matical objects to which the numbers emerging from experiments are
to be related. In classical physics the objects were functions, and
numerical measurement results were merely identified with the range
values of these functions. Quantum physics, on the other hand, uses
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measured values; and lower-case Greek letters («, [3), except p, denote quantum
state vectors (p is used for the density operator).
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(Hermitean) operators instead of functions, and thereby complicates
the relationship between its observables (i.e., their mathematical
representatives) and the empirical numbers to which they must
ultimately refer. Ironically, perhaps the most abstruse and con-
troversial difficulty associated with such operafor-observable corre-
spondence arises from an obvious arithmetical law, namely, that if
a, b are numbers, ab = ba. Naturally this commutative law applies to
all measurement results independently of the theory by which they
are interpreted. In classical physics, this numerical commutativity is
reflected by the unrestricted commutativity of functions; in quantum
theory, however, the analogous statement cannot be made, for pairs
of Hermitean operators do not necessarily commute. In particular, it
was discovered by Born in the early years of modern quantum
mechanics that even X and P, the operators representing the im-
portant observables position and momentum, do not commute but
obey instead his famous equation [X,P]= XP — PX =ikl. Thus
position and momentum are said to be noncommuting observables.

Understandably, the presence in quantum theory of noncommuting
observables has from the beginning elicited a great deal of academic
curiosity, accompanied by the reasonable suspicion that such a
theoretical anomaly cannot merely be written off as a mathematical
quirk. Some kind of physical interpretation must be given; the fact
that [X,P]+# 0 surely expresses something very interesting about
position and momentum. But what? The orthodox answer is this:
noncommuting observables are incompatible, i.e., it is impossible to
perform upon a single system simultaneous measurements of two such
observables. The present work is devoted to the systematic analysis
of this famous principle of impotence; but first, as a prelude to this
endeavor, it seems appropriate to review briefly the more common—
and frequently illogical—arguments typically advanced in behalf of
the doctrine in question.

(1) Semiclassical gedankenexperiments. It is quite fashionable in
discussions on the foundations of quantum theory to lean heavily on
the historical evolution of the subject. This tendency is not new to
physics; it is in fact traditionally employed in studies of relativity,
thermodynamies, and electrodynamics. But while the origin of any
of these disciplines constitutes a fascinating chapter in the history of
physical ideas, the relevance of chronological development to logical
development must not be pressed too far. Sometimes history of
science illuminates and clarifies philosophy of science; but in other
cases it only distorts and confuses logical problems if it is forced upon
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them. For example, the historical fact that J. R. Mayer’s contributions
to the formulation of the modern energy concept were inspired by
observations of blood coloration differences between inhabitants of
torrid and temperate zones sheds little light on any philosophic study
of the nature of energy. Even more extreme is the case of Kekulé, who
discovered the benzene ring in a dream about a serpent biting its tail,
an historical vignette clearly irrelevant to the natural philosophy of
organic chemistry.

The typical historical account of quantum theory from Planck to
the present outlines a rather smooth transition from the ‘Old Quantum
Theory’ (Bohr atom, particulate photon, classical ontology) to the
‘New Quantum Theory’ (state vectors, probability, complementarity);
and from the purely historical point of view, this evolutionary descrip-
tion is perhaps entirely acceptable. However, as indicated in the
parentheses above, from a philosophical perspective there is no
gradual metamorphosis from the ‘Old’ to the ‘New’; there is an abrupt
discontinuity in theoretical structure, hence any discussion about
modern quantum theory which employs concepts peculiar to the ‘Old’
to demonstrate alleged features of the ‘New’ is accordingly of little
value. And such arguments are not uncommon; in fact, it is a good
rule of thumb that any discourse upon quantum theory that calls its
content ‘intuitive’ will probably commit this history-inspired blunder
of mixing the ‘Old’ with the ‘New’.

Unfortunately, the standard demonstrations of the incompatibility
of certain observables in quantum theory are of this type. They are of
course the historic gedankenexperiments of Bohr (1949) and Heisen-
berg (1930), which have been both repudiated and defended many
times over the past 35 years. The present work will not present still
another analysis of these thought experiments. Although such demon-
strations are obviously not as irrelevant to the philosophy of quantum
theory as is Kekulé’s serpent to that of chemistry, nevertheless their
primary value is historical, as samples of the motivating thoughts of
great physicists engaged in the construction of the quantum theory.

The emphasis in the following sections will be placed rather on a
logical study of the notion of compatibility entirely within the
axiomatic framework of (New!) quantum theory, independently of
whatever dreams, intuitions, or gedankenexperiments historically
might have inspired its ingenious creators (Jamme, 1966).

(2) Uncertainty principle. Many gedankenexperiments have been
designed to illustrate Heisenberg’s famous law; unfortunately, the
false impression is often conveyed that his principle, which is actually
a theorem about standard deviations in collectives of measurement
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results, imposes restrictions on measurability. To see the absurdity of
such an inference, consider the following analogous argument. Suppose
the widths of a large sample of desks were measured, the results
tabulated, and the standard deviation dw computed; similarly, let
Al, the standard deviation for length measurements, be determined.
It would not be especially surprising if there existed a constant %
such that dw Al > k even if the sample were extended to include every
desk ever manufactured. Now, reasoning as is often done in connection
with the uncertainty principle, we would have to conclude from
Aw Al > k (a) that if the length of a desk is measured to within an
‘instrumental error’ 8w, one cannot at the same time contrive a method
for measuring the width with less ‘error’ than 8! = k/3w, and hence
(b) that it is impossible to measure precisely at the same time the length
and width of a desk. Obviously, these drastic conclusions are not a
logical consequence of the inequality dwAl > k. In Section 2, the
uncertainty principle will be stated correctly in a proper theoretical
context and briefly discussed.

(3) Projection postulate (naive version).T Frequently appended to
the useful postulates of quantum mechanics is one which, if correct,
would easily lead to the incompatibility doctrine as a theorem. It is the
notion of wave packet reduction, according to which measurement
invariably leaves a system in such a state that an immediate repetition
of the measurement would yield the same result as the first measure-
ment (Mandl, 1957; Roman, 1965). It turns out that if simultaneous
measurement of noncommuting observables were possible it would
usually leave a system in a nonexistent state; thus it is often argued

T The fundamental irrationality, together with the mathematical strangeness
of the view that a single observation shall in general fix the probability distribu-
tion (state vector) of an entire ensemble has been emphasized repeatedly by one
of the present authors [Margenau, 1963; Park, 1967b; and particularly Physical
Review, 49, 240 (1936)]. This point is further elaborated by Park (1968a,b).
Briefly stated, our premise here is that every measurement determines a number
which characterizes one element of an ensemble. Many such numbers define the
distribution of probabilities over the ensemble. Since a state vector is the
equivalent of a set of distributions, a single measurement can not in general
determine a state. If it did, quantum mechanics would be a freak when viewed
as an example of a stochastic theory. The projection postulate assumes such a
miracle. There are single measurements which, when coupled with extraneous
information which does not arise analytically from the axioms of quantum
mechanics, may allow the establishment of quantum states; but these are
special cases. (For example if a system is known to have been isolated for a long
time and I measure its energy only once, its state is fixed. This is like knowing
that an institution has inmates of the same sex. A single ‘measurement’ of the
sex of an inmate then settles the distribution.)
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that simultaneous measurement is impossible. This argument is,
however, unworthy of serious consideration since the idea of wave
packet reduction does not survive close scrutiny. Such reduction
cannot be consistently attached to quantum theory by postulation
because of the inherent statistical nature of quantum states; i.e., the
physical reference of the density operator to ensembles (Park, 1968a)
rationally precludes its changing abruptly in response to a single
measurement. Moreover, it is nof true in general that an immediately
repeated measurement always yields the same result as the first one
(Margenau, 1937; 1963b; Park, 1968b).

(4) Projection Postulate (von Newmann’s measurement intervention
transformation) (von Neumann, 1955). There is a way (Margenau,
1963b) to express the projection postulate in terms of ensembles and
the selection of subensembles which does at least make sense. If this
version represented a universal trait of measurement, then it would
imply the incompatibility principle as a theorem. We have proved this
elsewhere (Park, 1968b). However, it can be demonstrated that
even this ‘reasonable’ variant of the projection postulate does not
describe all physical measurements and is therefore unacceptable as
a quantal axiom. Hence it is useless as an argument in behalf of
incompatibility.

(5) Problems concerning joint probabilities. If joint (i.e., simul-
taneous) measurements are possible, then there must exist joint
probability distributions. However, attempts to generate such distri-
butions for noncommuting observables using fairly standard mathe-
matical ideas have been unsuccessful, and this failure has been
interpreted as proof of the incompatibility principle. This position
will be examined carefully in Section 8.

(6) Von Neumann’'s simultancous measurability theorem. In his
classic work on quantum mechanics, von Neumann proved a theorem
which is undoubtedly the best defense ever given of the incompati-
bility doctrine. Strangely enough, it is also the most widely ignored
argument for incompatibility even though, unlike (1)-(5), it is a
logical deduction from a seemingly reasonable quantum axiom set
which does not include the projection postulatet (Section 4).

Asstated above, the purpose of the present work is to serutinize and
evaluate the principle of incompatibility of noncommuting observ-
ables. However, it is not our intention to consider the six preceding
arguments one by one; as a matter of fact, most of them will scarcely

T Of course the projection postulate does appear in von Neumann’s book, but
it plays no role in the theorem here considered.
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be mentioned again. In particular, no further discussion will appear
concerning (1), (3), and (4). The value of semiclassical gedanken-
experiments (1) has already been commented upon ; and the absurdity
of the naive projection postulate (3) and the inadequacy, or lack of
universality, of its sometimes correct version (4) are fully discussed
elsewhere by one of the present authors (Park, 1968a,b). As to the
uncertainty principle (2), enough will be said in Section 2 to demon-
strate its irrelevance to the compatibility principle. Thus ensuing
sections will emphasize (5) and (6), the only extant arguments for
incompatibility which are firmly embedded in the basic mathematical
structure of modern quantum theory.

Because (5) and (6) arise not in shallow classical intuition but deep
in the theoretical framework of quantum mechanics, it will be neces-
sary to survey basic quantum axiomatics in order to distinguish
clearly which common quantum ‘truths’ are assumed hypotheses and
which ones are derivable propositions. Only in this way can the
deductions in (5) and (6) be properly evaluated. The remainder of the
present section sets the stage for this analysis by reviewing several
important definitions from the quantum theory of measurement and
then using them to obtain a clear statement of the compatibility
problem.

As in other branches of physics, the objects of study in quantum
mechanics are called physical systems. Associated with these systems
are the constructs known as observables which are in turn correlated
via epistemic rules to empirical operations which generate numbers.
Such operations are called measurements. The numbers they produce
are called measurement results, and it is the responsibility of quantum
theory to regularize, interpret, and make predictions about them.
Specifically, quantum physics is designed to cope with problems of
this format: given a repeatable laboratory procedure II for the
preparation of physical systems, what will be the statistical distribu-
tion of measurement results obtained from measurements performed
upon an ensemble of systems all prepared identically (in the manner
IT)? This question may refer to any observable and to measurements
at any given time after preparation.

To avoid unnecessary philosophical dilemmas, it is extremely
important to understand the peculiarly quantum theoretical nexus
which relates the concepts of measurement result, observable, and
system. Perhaps these connections are best understood by contrasting
them to their classical analogues. In prequantum rhetoric the process
of measurement could be described as follows: physical systems are
endowed with certain observable attributes characterized by numerical
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values; measurement is an empirical procedure for discovering just
what these values are. Thus, classically measurement results are simply
revelations of the values of observable properties possessed by the
system. The key word here is possessed, for it expresses succinctly the
clagsical relationship between measurement results and observables.

In quantum mechanics the connection is a weaker one. It is no
longer possible to pictorialize physical systems as objects charac-
terizable by definite values of the observables. A classical billiard ball
has values for position, momentum, energy, angular momentum, ete.
A ‘quantum billiard ball’ has no such values. Nevertheless, it remains
true in quantum physics, as in the rest of science, that a system’s
observables are operationally defined and that measurements of them
do yield the numerical results upon which theory feeds. Thus for the
‘quantum. billiard ball’, it is proper to speak of the numerical results
of position, momentum, energy, or angular momentum measurements,
but it is improper to interpret these numbers as past, present, or
future properties of the ball. According to quantum theory, no
physical mode of preparation IT exists which could produce systems
certasn to yield upon measurement a preassigned pair of values (z,p)
for position and momentum, for example. This peculiarity of quantum
observables has been characterized by one of us as latency (Margenau,
1950; 1954). A brief digression in explanation of the idea of latency
seems appropriate at this point.

Traditional philosophy features a distinction between primary and
secondary qualities, an issue which recalls such figures as Galileo and
Locke. Tt relates to a division of observables into two categories, those
which, like size, shape and position, adhere intrinsically to physical
objects and those which arise in the process of perception, e.g. color,
taste, and smell. This issue may now be regarded as dead because the
latter class has been recognized as the subjective (‘protocol’) counter-
part of the former. There are, to be sure, primary qualities (like
magnetic fields) to which, because of our limited sensory equipment,
no secondary qualities correspond, hence there is no unique corre-
spondence between primary and secondary qualities. Nevertheless a
distinction between observables (qualities) which adhere to the objects
of inquiry and others which do not has been revived by the quantum
theory. The latter, however, are no longer secondary but latent. They
do not arise in the act of observation but become concrete or actualized
or numerical when the system is subjected to measurement.

A free electron in an energy eigenstate yields a definite number
when its position is measured. Yet a similar measurement on it when
the same state has been reprepared may yield another value: There is
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a dispersion of measured values. As we have noted, the classical
tendency is to account for this dispersion by invoking the disturbance
of the state of the electron by the measuring device. This, for many
reasons (some of which have already been cited), is an erroneous
explanation which attempts the impossible logical feat of deriving the
more general theory (quantum mechanics) from its own special case
(classical mechanics). Certainly, disturbance by measuring devices
can be used to exemplify the quantal dispersion, but not to explain it
in its universality. The origin of the dispersions lies deeper than that.
Tt is not proper to suppose that the electron in a state of the
Schrodinger form exp (¢px) has a position which we merely do not
know until we measure it. Its ability to interfere with itself clearly
implies that ‘it is in many places at once’. In other words, it does not
hawve a position, position is not a possessed observable. We call it a
latent one. A latent observable does not in general have a value at all;
it assumes one when a measurement elicits it. It is clear, of course,
that an observable which is generally latent can under special cir-
cumstances be regarded as possessed, namely when the system is in an
eigenstate of that observable. We feel that the acknowledgment of the
existence of latent qualities in nature is far safer, simpler and less
compromising than the usual talk about complementarity, which
becomes unnecessary when latency as a primitive idea is accepted.

The change, brought about by the quantum theory, then, is this.
The old primary qualities correspond to possessed observables, those
which, when they reveal themselves in repeated measurements on
systems identically prepared or, when possible, on the same systems
in their continuing undisturbed states, do not scatter their values.
Secondary qualities are replaced by latent ones which, in a certain
obscure but primitive sense, ‘come about’ or ‘spring into being’ when
a measurement is made, yet allow no inference with respect to numeri-
cal values present in the premeasurement state. At the present time
elementary quantum theory recognizes a few possessed observables
such as the mass, the charge and the (absolute value of the) spin of an
electron; its position, momentum, energy, vector spin and most
others are latent. In classical philosophy, every secondary quality had
a primary counterpart. Latent observables, so far as is now known, do
not point to possessed companions,

In a speculative and unrigorous manner of arguing one might say
that the discovery of latent qualities in quantum mechanics is merely
the recognition of a situation that is commonplace in the behavioral
sciences. Happiness, equanimity, anger are observable qualities of
man, but they are latent, not necessarily present or numerically
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descriptive of a person at all times. And they, too, can spring into
actuality by a psychological measurement, a certain felicitous or
infelicitous act of inquiry. But we do not wish to press this analogy
too far.

A more proper question which arises here is this. Are not perhaps all
physical observables in the strictest sense and in their last analysis
latent ones? Clearly if there is a spectrum of masses, charges and spins,
and thus for each an operator with eigenvalues equal to the values of
these observables now known, they too become latent. We tend to
believe that a future theory will show all observables to be ultimately
latent ones, and that the concept of a possessed quality is nothing but
a limiting case of the former.

Incidentally, the possessed quality of classical observables brought
the concepts of measurement and preparation conceptually close to
one another. Since a measurement operation simply revealed a
possessed value, the same operation could also be called a preparation
method for obtaining systems having that value of the measured
observable. Despite such classical intuition, however, the constructs
measurement and preparation must be severed in quantum theory.
Failure to do so leads to the projection postulate with its attendant
physical and philosophical problems (Margenau, 1937).

Since quantum physics is a theory about measurement results
instead of possessed properties, it is natural that a concept of measure-
ment should appear among its primitive terms in a place analogous to
that occupied by ‘possession of attributes’ in classical theory. In other
words, numbers associated with observables are conceptually linked
to systems only through statements like this one: ‘if observable .o/ is
measured on system §, the numerical result ¢ will emerge....” This
is the primary meaning of measurement in quantum theory, and we
shall designate this measurement construct, which supersedes the
classical idea of possession, by the symbol .#(+).

In quantal as in classical physics, it is also necessary to recognize
the basic idea of measurement as an empirical procedure yielding
numbers associated with observables. Just as in classical physics one
must have both the possession concept and measurement schemes to
determine the possessed values, similarly quantum physics requires a
traditional measurement concept in addition to .#,. Assume that in
classical and quantum mechanies we have a ‘direct’ operational
definition of position. For example, a position measurement may be
performed upon a speedometer needle essentially by looking at it.
From the position measurement on the needle a number is inferred
which is declared to be the result of a speed measurement upon the
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system of interest. The theoretical justification of such an inference
will be called a theory of measurement. A classical theory of measure-
ment for the speedometer would consist of a mathematical analysis of
the instrument leading to proof of a correlation between the possessed
position values of the needle and possessed speed values of the system.
The concept of measurement exemplified by this speed measurement
will be denoted by .#,. In short, .#, is the normal measurement
construct of all science; #,(o#, %, ...) represents any empirical pro-
cedure yielding numbers @, b, ... which through a theory can be inter-
preted as the values associated with observables o7, 4, ... . In quantum
theory, the values are associated with the observables via #4(+7),
M (%) ...and not by possession. Thus, for example, a quantum theory
of measurement for the speedometer would consist of a mathematical
analysis of the instrument leading to proof of a correlation between
the probabilities that .#; (needle position) would yield certain values
and the probabilities that .# (speed of system) would yield certain
values. A measurement scheme .#, is thus explained quantum
theoretically in terms of the primitive measurement construct 4.

Using these concepts, it is possible to define precisely what is meant
by simultaneous measurability of two observables: observables o/ and
B will be termed compatible, simultaneously measurable, or jointly
measurable if there exists an M (<, %), i.e., an operation yielding two
numbers ¢, b with the same probabilities that quantum theory confers
upon the two propositions ‘.#(&7) yields o’ and ‘. # (%) yields &,
where both .#;’s refer to the same instant in time. The compatibility
problem, to which the rest of this paper is devoted, may therefore be
stated as follows: if o/, % are noncommuting observables, is it
quantum theoretically possible for an 4 ,(o7,#) to exist?

2. Quantum Axiomatics and the Uncertainty Theorem

To provide a framework for systematic analysis of the compatibility
problem, it seems appropriate to discuss at the outset certain basic
propositions of general quantum axiomatics. Accordingly, the basic
axioms of quantum physics will now be stated, and the proofs of
several important theorems will then be reviewed.

P1: (Correspondence Postulate). (Some) linear Hermitean operators
on Hilbert space which have complete orthonormal sets of eigen-
vectors correspond to physical observables. If operator 4 corre-
sponds to observable o7, then the operator & (4) corresponds to
observable & (o), where & is a funection.
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Tt is convenient to use the symbol <> to represent this operator-
observable correspondence relation; thus 4 <> & means 4 ‘corre-
sponds to’ o7 in the sense of P1. The observable 7 () is defined by
this measurement procedure: measure &7 and use the result a to
evaluate the given function & ; the number % (o) is then the result of
an F (</)-measurement. The function F# of operator 4, F(4), is
found by the following standard mathematical procedure: consider
the spectral expansion of 4,

4 = ]E akP o

where @, is an eigenvalue and P, denotes the projector onto the span
of eigenvector «;; the operator #(4) is then simply

E tg“T(ak) Pock
k

(Extension to degenerate andfor continuous spectra is straight-
forward.)

P2: (Mean Value Postulate). To every ensemble of identically pre-
pared systems there corresponds a real linear functional of the
Hermitean operators, m(4), such that if 4« o/, the value of
m{A) is the arithmetic mean (&) of the results of .27-measure-
mentst performed on the member systems of the ensemble.

The content of P1 and P2 is slightly different from that of their
analogues in typical von Neumann-inspired axiomatizations (von
Neumann, 1955). In the original form of the Correspondence Postulate,
observables and Hermitean operators were assumed to stand in one-
to-one correspondence; in other words, the postulate included both
of the following statements: (1) Every observable has an Hermitean
operator representative; (2) Every Hermitean operator corresponds
to a physical observable. Wick, Wightman and Wigner (1952)
challenged the symmetry of this quantal correspondence by introduc-
ing the concept of superselection rules, i.e. assertions which declare
certain Hermitean operators to be unobservable in principle.] To

T In postulates and theorems, the term ‘s/-measurement’ refers to the
primary quantum measurement construct .#;(<).

I In effect, these superselection rules keep certain subspaces of the full
Hilbert space apart by fiat, in the sense that there can never be a physical state
which is a superposition of vectors from different subspaces. For instance, no
angular momentum state can be a superposition of integral and half integral J.
(In this instance, the incompatibility of the spaces can be proved on the basis
of relativistic invariance.) The relevance of superselection rules from the
present point of view is this. It is mathematically possible to construct the
forbidden superposition and presumably to formulate an Hermitean operator

for which it is an eigenstate. That operator, evidently, does not correspond to
any physical operation.
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embrace superselection rules with minimal theoretic change, the
word every in (2) is simply replaced by some: (2') Some Hermitean
operators correspond to physical observables. Although this par-
ticular proposed variation turns out to be irrelevant in the present
context and will henceforth be ignored, it does suggest that the
universal correspondence proclaimed in (1) and (2) is less than sacro-
sanct.

As we shall see later, just as superselection rules challenge the word
every in (2), an important facet of the compatibility problem hinges on
the every in proposition (1) above. Accordingly, the need will arise
subsequently to distinguish between different ‘degrees’ of operator-
observable correspondence. For this purpose the following terminology
will be adopted : Strong correspondence means that both (2") and (1)
are assumed; weak correspondence means that the Correspondence
Postulate includes (2') but not (1), as in P1 above.

In subsequent sections, the relationship of this choice of corre-
spondence schemes to the problem of compatibility will be developed
and eventually it will be demonstrated that only the weak type (P1)
is acceptable.

Several ‘elementary’ quantum theorems will now be stated and
proved. The proofs are not new, but we shall nevertheless reproduce
them in some detail in order to show their independence from strong
correspondence. Although the content of these theorems is well
known, the fact that they are theorems, i.e., derivable from P1 and P2,
is rarely acknowledged. Instead, they are often given as extra postu-
lates (or conjured up heuristically) in textbooks; such an approach
easily gives the impression that P1 and P2 (or the equivalent) are mere
guidelines, whereas in fact they rigorously imply all the general
propositions of quantum statics.

Th1: For each mean value functional m(A4) there exists an Hermitean
operator p such that for each 4,

m(4) = Tr (pA)
Proof (von Neumann, 1955, pp. 313-316; Gleason, 1957). Let {pa}
be a complete orthonormal set, and A4, = {¢,, d@;). Since 4 is

Hermitean, 4, = A¥, i.e., Re4;, =Red,;, Im4,, =— ImA4,.
Since {¢,} is complete,

3P, =1
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A may therefore be expressed as follows:

A=(P,.) A(S ) = £ Py AP, = 3 [p) 4l
+ 3 (@arier| + |pr><{pn|) Re Ay
+ ]En i(l%><%| — |piy{pn|) Im A,

It is easily verified that the following operators are Hermitean:

P(Pn = |(Pn><(7)n|
K(n, k) = (@ {eu| + |pe>{pul
K(n, k) = i(|pu>{pe| — |pa><{pn)

Thus 4 now has the form of a linear combination of Hermitean
operators:

A=X4,,Py,+ % K(n,k)Red,,+ X K(n,k)Im A,

k<n k<n

Now by P2 the mean value functional m(A4) is linear. Hence
m(4) = 3 Apam(Py,) + 3 [Re Ay m(K(n, 1)
+Im A,,m(K(n, k))]
=2 pu Ao =Tr (p4)
where p is defined by its matrix elements:

Prn = m(Pzpn)
Pin = (K (n, k) — Yim(K (n, k)), k<n
P = Fm(K (n, k) + dim(K(n, k)), k<mn

pOj

Finally, by P2, m(B) is real for any Hermitean B, in particular for

P, K(n,k), K(n,k). Thus p,; = pfy, i.e., p is Hermitean. Q.E.D.

The operator p, known as the statistical operator or density
operator, is not only an ‘index’ of measurement statistics, but is also
the seat of causality in quantum physics. For this reason, p may be
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called the quantum state of the ensemble to which it refers. The general
‘law of motion’ is given by the following axiom:

P3: (Dynamical Postulate). To every type of closed{ quantum system
there corresponds a linear unitary operator 7' (the evolution
operator) such that the temporal development of the density
operator p for an ensemble of such systems is given by

pts) =T(ta, 1) p(t1) Ty i)

In the following theorems, we assume the Hermitean operators to
have discrete spectra; similar propositions hold for the continuous
case.

Th2: The probability W ,(a;; p) that an .o7-measurement on a system
from an ensemble with density operator p will yield the A4-eigen-
value a, is given by

W os(ag; p) = Tr (pP o)

where 57, is the subspace belonging to «;.
Proof : W 4(ay; p) is (by the physical definition of probability) the
mean value of the observable % (%), where & is defined by

1, a=a
7 —
Fia) =y o7
By P1, #,(4) < F (o). Hence, by Thl,

W alaw; p) = m(F1(4)) = Tr (pF 1(4))

Consider the spectral expansioni of 4 and form % ,(4):

A=3%a,P,.
ndn
fk(A) = *g:k(a’n)Pandn =2 POde;c :Pfk
ndn dr
Therefore
W orlasi p) = Tr (oP,) QED.

+ In general, open systems, i.e., those interacting with other systems, do not
evolve causally by unitary transformation. Thus composite quantum systems
with interacting constituents are in this dynamical sense indivisible [compare
Park, 1968a)].

1 Here we have allowed for degeneracy ; however, in later sections spectra will
usually be assumed nondegenerate. The eigenvectors belonging to eigenvalue
an are denoted by ondg,, dn =1, 2, ...
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Th3:Trp=1.
Proof: Consider the trivial observable .# defined as follows:
measure any observable .&7; whatever the result, we shall say
that an .#-measurement has been performed with numerical
result unity. Symbolically, # = % (&) where F(a)=1. The
operator corresponding to .# is therefore
‘0/7(‘4) = Z 'gj(ak)‘Pocm,C = E Poac.z,, =1
ki b
the identity operator.
Now, it is obvious from the definition of . that (#) =1;
hence Tr(pl) =Trp = 1. Q. ED.
Th4: The only possible results of &7-measurements are the eigenvalues
{a;} of A, where 4 > .
Proof: The probability Z that an o/-measurement will yield a
number which is not an 4-eigenvalue is equal to the mean value
of the observable %(.27), where

G(a)= {

The operator to which (/) corresponds is
9(4)= % G(an) Py, = % (0)Py,=0

1, a not an A-eigenvalue
0, @ an A-eigenvalue

Hence Z = Tr (p0) = 0. As is customary in scientific applications
of probability theory, we assume that zero probability for an
event means that the event will never occur.t Q.E.D.

Thé : The density operator p is positive semidefinite.
Proof : The projection operator P, P« 2, has eigenvalues 0, 1
(p arbitrary). Thus by Th4f (#) > 0. By Thl, (#) =Tr(pP,).
Hence for all ¢, Tr(pP,) = {(p,pp) =0, i.e., p is positive semi-
definite. Q.E.D.

Although all of the foregoing theorems required only weak corre-
spondence, they would of course still follow if P1 were replaced by an
axiom of strong correspondence:

P18 : The set of physical observables is in one-to-one correspondence
with the set of linear Hermitean operators on Hilbert space having

complete orthonormal sets of eigenvectors. If 4« .7, then
F(A) > F(A).

T From a practical viewpoint, this makes sense ; however, in the ideal case of
an infinite ensemble, the interpretation of zero probability can at best be that
the event in question is of measure zero in the sample space of interest.

I Ignoring superselection, we assume that every P, represents an observable.
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A cursory examination of P1S and P2 seems to suggest that nothing
about simultaneous measurement could ever be derived from such
axioms, for in them reference is made only to measurements of single
observables, i.e., .#,(27). Indeed, the absence of a similar joint
measurement construct .#(2/,%, ...) appears to justify the con-
clusion that quantum theory is silent to the problem of compatibility
and that in order to discuss simultaneous measurements at all P2 must
be augmented by some kind of joint probability postulate. We shall
see later (Section 4) that this ‘silence’ is illusory, that P1S and P2 do
in fact place severe restrictions upon simultaneous measurements.

To approach the problem of joint measurements from an axiom set
referring only to single measurements, it is necessary to develop a
theory of compound observables, i.e., observables defined as functions
of several ordinary observables. Then information regarding joint
measurements can be extracted from an analysis of single measure-
ments defined as functions of the joint measurement results. For
example, a compound observable % (o/,%) may be operationally
defined as follows: measure .« and & simultaneously, substitute the
results a, b into the function & (a,b); the value f = % (a,b) is then the
result of the Z (of,#)-measurement. Then by P18, there exists an
operator F' to represent % (o/,%); hence if F is known, & (&/,%)-
measurements are subject to quantum mechanical analysis, and in
this sense joint measurements would be in the domain of the ordinary
quantum theory of .#’s.

This leads us directly to an old and interesting quantum problem
(Groenewold, 1946; Shewell, 1959): given the correspondences
A« o, B> %, ... and a compound observable #(s/,% ...), what
F corresponds to & ¢ Note that if P18 is adopted, the existence of such
an I'is assured (if o7, 4, ... are simultaneously measurable), for every
observable must have an operator representative. If, however, only
the weaker P1 holds, the existence of an F such that F «» % (<, %, ...)
is not guaranteed. In neither case is there a general prescription for
finding F ; but it is obviously necessary to require that all deductions
based on a proposed F be consistent with P2, the definition of &%, and
the theorems reviewed above. In particular, Thl and Th4 suggest
especially useful consistency conditions. To formulate such criteria,
the following notation will be helpful.

Let the sets &(4) and A" (F) be defined as follows: &(4) is the set
of eigenvalues belonging to the operator 4; A°(F) is the set of
conceivable measurement results associated with an observable Z.
When & = o, V() = &(A) by Tha. However, when F is a function
of o7 and 4, for example, it is possible that correlations between o/
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and Z might preclude the occurrence of certain a priori conceivable
values of &, i.e., preclude certain of the values % (a;,b;) calculable
from eigenvalues of 4 and B under the a priori assumption that all
eigenvalue pairs (a,,b;) are possible. In such a case, &(F) = A (F).
Finally, for a state p, let W(a,. b, ...; p) denote the joint probability
that simultaneous &7, &%, ... -measurements yield a,,8;, .. ..

Two consistency conditions may now be expressed as follows: if
Ve (A, 4, ...), then

(cq) % Wiag, by, ...;p) F (ay, by, ...) =Tr (pF),

for every p
(o) EF) = N[F (A, B, ...)]

It is easy to see that (c;) arises from Thl and the definition of %
while (c;) is needed to prevent conflict with Th4. However, the
usefulness of (¢;) must be immediately questioned, for the joint
probability W is of course unknown. Indeed the search for W is an
important phase of the compatibility problem (compare Sections
8-10). Nevertheless, condition (¢;) is not so mute as it appears, since
for the proper choice of #, it becomes independent of the form of W
(compare Section 4).

It will be noted that both P1 and P18 include explicit postulation of
the correspondence F(4)«» # (&), and the above survey of the
proofs of theorems 1-5 indicates clearly the value of that rule. Never-
theless, later developments could cast doubt upon its necessity as a
postulate unless there is good reason to regard it as indispensable.
Since Th2 (i.e., the form of W) is the cornerstone of practical calcula-
tions in quantum theory and is therefore not a proposition which could
easily be challenged, the following theorem indicates strongly that
the correspondence % (4) <> % (27) could not reasonably be removed
from the quantum axiom set.

Consistency Theorem. If W 4(ay; p) = Tr (oP,,) and if there exists an
operator F such that F' <> & (o), then F = % (4), where 4 <> <.
Proof : The operator ¥ must satisfy consistency condition (¢4):

5 Tt (pPog,) # (@) = Tt (o)
Thus

Tr [p (F — 3 F(ay) P u,h)] = 0, for every p
%
15
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which implies

F =3 F ()P, = F(4)

(Note that (c,) is also satisfied.) Q. E.D.

The # (/) which has probably received more attention than any
other is a fairly complicated one: F () = (o — ()2, where (& is
areal constant which is just the arithmetic mean of .#(2/)’s on the
ensemble of interest. Using P2, we may write & (o) = (o — m(4))?;
then by the correspondence rule in P1, # (o) «> (4 — m(4)1)% By
definition,

(42)* = m[(4 — m(4)1)*] = (A — (L)%

A/, called the standard deviation, is a common statistical quantity
measured in the obvious way as a function of measurement results
from an ensemble.

Historically, 4.7 has often been linked erroneously to the problem
of compatibility by way of the Heisenberg uncertainty principle. This
is not the place to dwell upon its misinterpretations; however, a few
remarks are needed in order to dispel the popular contention that the
uncertainty principle places restrictions on simultaneous measur-
ability. First of all, precisely what is the uncertainty principle? Itis a
theorem, rigorously derived from the quantum postulates; it states
that under fairly general conditions,

Ao/ A% > }|m([4, B))|

where A, B are Hermitean operators representing quantum observ-
ables o7, Z and 4.o/, A% signify the standard deviations for collectives
of &7- and #-measurements.

Hence this remarkable theorem has the following physical sig-
nificance: Given two identical ensembles of quantum systems, if
o/ -measurements are performed on one ensemble, #-measurements
on another, then the quantities 4.7, 44, calculated from the measure-
ment results, will satisfy the relation above.

The principal point here stressed is that 4.7 and A% have physical
meaning only within the context of statistics. It is therefore illogical
to interpret the uncertainty principle as a denial of the possibility of
simultaneous measurement of .7 and # upon a single system if
[4,B] # 0, as has sometimes been done. The only sense in which
Ao AF may refer to a single system is purely statistical, i.e., to an
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ensemble involving one system sequentially measured and reprepared.
Furthermore it should be noted that d.of A%, as presented above, is
not even calculated from simultaneous measurements of o/ and #
performed on each system. Whether or not that is a meaningful
alternative method of calculation remains at this point undecided
and will be deferred to later sections. For the present, it suffices to
observe that whatever conclusions are reached concerning the notion
of compatibility, i.e., simultaneous measurability of several observ-
ables on a single system, there can be no conflict with the uncertainty
principle, a relation involving statistical properties of measurements
of single observables.

Finally the uncertainty principle is often interpreted not as a denial
of simultaneous measurability but as a statement about the accuracy
of simultaneous measurements of noncommuting observables. For the
interesting special case of position Z and momentum # (whose
operators satisfy [X,P]=¢/il) this interpretation typically runs as
follows: It is impossible to measure simultaneously 2" and & exacily;
the product of the ‘inaccuracies’ 4% 42 is never less than what the
uncertainty principle allows, ie., AZ 4% > 1k. Properly understood
as physicists’ jargon, this interpretation of the principle is not too
objectionable, for its implicit meaning is the same as the more careful
explanation above. To see this, it is only necessary to realize that the
phrase ‘o measure simultaneously Z and & exactly’ here refers
experimentally to a collective of Z'- and #-measurement results, each
obtained by a measurement performed upon a member of the ensemble
at some given time relative to the preparation of that member. From
such a collective the term ‘exact’ draws its physical meaning; thus if
Z-measurements are performed on an ensemble of identically prepared
systems each at the same time relative to preparation, and if all these
results are identical, experimental jargon would say that ‘an exact
position measurement has been made,’ since 4% = 0.

To summarize: whatever propositions about joint measurements
may or may not be consistently incorporated into quantum theory,
the uncertainty principle remains unscathed so long as its interpreta-
tion does not transcend the content of its theoretical statement and
proof by making unjustified references to joint, rather than single,
measurements. Conversely, the uncertainty principle is not an a priors
restriction on any consideration purely about joint measurements; as
noted earlier, perhaps the principle can be generalized to cover joint
measurements once a theory for the latter has been devised, but no
such requirement need be stipulated in advance. Indeed, the un-
sertainty principle is irrelevant to the problem of compatibility.
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3. Trivial Joint Measurements and Commutativity

There is one type of joint measurement whose consistency with
quantum theory is certain, for it involves the performance of only one
measurement upon the system. The resulting number is then used to
generate a set of numbers through a set of established functions;
hence, the simultaneous measurement of a set of observables has been
performed, albeit in a rather trivial sense. Accordingly, joint measure-
ments performed simply by arithmetical manipulation of one measure-
ment result for a single observable will henceforth be called #rivial
Jjoint measurements.

The question then arises as to whether the joint measurement of any
two observables is reducible to a trivial joint measurement; if so,
quantum theory could embrace the concept of simultaneous measure-
ment in a very natural way. However, the correspondence rule
F(A)«> F (/) may be used to prove that any two operators jointly
measurable in this trivial sense necessarily commute. To see this,
assume the existence of an observable € and functions %, ¢ such
that the observables o/, # are expressible in the form

A =F(€), B=9%)
By the above correspondence rule, if C <« %, Cy;, = ¢y,

F (@) o F () =2 F (b,

Y(&) > 9(0) =X %(c,) Py,

Since two different operators cannot correspond to the same observ-
able,T it follows that 4 = % (C), B = %(C). Hence

[4, Bl =% #(c) 9()[Pyes Py ] = 0

The trivial joint measurements thus do not exhaust all a priors
conceivable simultaneous measurements. But this does not imply
that noncommuting observables are incompatible; it merely estab-
lishes that they are not trivially compatible. Nevertheless, since
[A,B]=0is (1) a necessary condition for trivial joint measurability
of &7 and 4, and (2) the only condition under which 4.2/ 4% = 0 may
hold, it is sometimes claimed via a misinterpretation of the un-
certainty principle that the only simultaneous measurements per-

+ If of <> Aj and also & <> A, then for every p, (&> = Tr(pA;) = Tr(pds);
but this implies A1 = 4.
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mitted by quantum theory are the trivial ones, that commutativity
is the mathematical criterion of compatibility. However, in view of
our preceding remarks about the uncertainty principle, such a
position is evidently illogical.

Although the notion of trivial joint measurement is not an adequate
basis for a general treatment of simultaneous measurements, it does
provide a means for deriving the joint probabilities associated with
several commuting observables. (The problem of joint distributions
for noncommuting observables will be explored in Sections 8-10.)

If o and & are simultaneously measurable through an auxiliary
observable %, then joint probabilities for the results of .# (/) and
M (%#) are calculable through single probabilities associated with
M (). Given A, B satisfying the necessary condition [4, B] = 0, the
problem is to find &, ¥ and € <> C such that

oA > A =F(0) > F ()
B > B=9(0)«> 9(%)

By a mathematical theorem generally omitted from standard
quantum textbooks, the condition [4,B] =0 is sufficient to insure
the existence of &, ¢, and % such that

A=F(C), B=%(0)

While some cases of the general theorem (von Neumann, 1931) are
rather complicated, it is not difficult to prove the theorem for operators
A, B which have discrete spectra. Consider, for example, the interest-
ing case where A and B constitute what Dirac called a complete set of
commuting observables. This means that the set of common eigen-
vectors (the existence of which [4,B] = 0 assures) can be labeled so
that the eigenvalue equations take this form:

A'ynm = AnYnm
Bynm = bm Yom

Now, let {¢;;} denote a set of distinct real numbers and define &, ¥
by the relations
U = F (Cpp), bm = g(ckm)

This determines the desired C'; its spectral expansion is

C= % CICZP’ykt
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Hence
g;(o) = % Lg/-:(c/d)f"ym = % ak‘P’ym =4

g(o) = % g(ckl)Pykz = % blP')/kl =B

(Note that %, ¢, and C are not unique.)

To find the joint probability W{a,, b;p) that #,(=7) and A (&)
will yield (a,,b;) for the state p, we simply calculate Wy(c;; p), the
probability that .#,(%) will yield ¢y, by the standard quantum
mechanical rule for single probabilities:

W (o, bi; p) = Weley p) = Tr (P‘P‘ykz)

The non-uniqueness of %, ¥4, and C presents no problem since
W (ay,, b;; p) does not depend on them. (As always happens in quantum
theory, in the continuous spectrum generalization W becomes w, a
probability density.) It is easy to illustrate this theorem by deriving
the familiar joint co-ordinate distribution of nonrelativistic wave
mechanics. Consider the function space whose functions (vectors)
have the form g(x,y). The operators corresponding to co-ordinates Z’
and % are postulated to be multiplication by « and y, respectively ; but
it is not necessary to postulate further that ¢* ¢ is the joint probability
density for #(Z') and #(%). Since [x,y] = 0, we may conclude that
Z and % are jointly measurable in the trivial sense through an
auxiliary observable € < C'; the eigenvectors of C will be

V(% Y) = 8(x — 1) 6(y — 91)

From the generalization of the preceding theorem to include con-
tinuous spectra, it follows that the joint probability density for 2
and % in the (pure) state p = P, is given by

w(xlayl;PLp) = QU?(CW%;P(}J) = |<'}'x1y1590>|2
= [ d [ dyd(@ — @)y — y2) 9l )

= ¢*(x1, Y1) (%1, Y1)

’ 2

For this simple example it is possible to see empirically the difference
between trivial and nontrivial joint measurements. Consider a plane
fluorescent screen upon which a rectangular cartesian co-ordinate
system has been established. Whenever a glowing spot appears on the
screen, a joint measurement of Z' and % for the impinging particle may
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be made by reading the 2 and % scales separately. Two numbers thus
emerge, the Z- and %-measurements having been performed non-
trivially. To construct an apparatus which simultaneously measures
Z and % in the trivial sense, we require an observable ¥ and the
functions &, ¢. A suitable observable ¢ may be defined operationally
by assigning to every point on the fluorescent screen a single real
number. When a particle strikes the screen, the single number co-
ordinated with the glowing spot is regarded as the result of a -
measurement upon the particle.

If the functions & and ¥ define a mapping from the single number
to the ordinary (z,y)-co-ordinates of the point,T the entire scheme
then constitutes a trivial joint measurement of " and %.

The following basic assumption about the simultaneous measure-
ment of commuting observables underlies the joint probability theory
just outlined:

(J{) If it is possible to measure o/ and % simultaneously in the
trivial sense, i.e., if [4,B] =0, then the joint probability W(a,,b; p)
caleulated using an auxiliary observable € is valid for all simul-
taneous .o/, #-measurements regardless of whether or not they are
actually performed by means of %-measurements. This assumption
apparently never receives explicit statement though many normal
applications of quantum mechanics would be difficult to justify
without it.

As we have seen above, even the derivation of the standard inter-
pretation of wave functions depends upon (J,). Indeed all correlations
among quantum observables are ultimately based on that assumption.

It is instructive to restate the content of (J,) in a mathematically
definite manner which seems less ad hoc:

(/») The joint probability W{a,,b;p), [4,B] =0, is a unique fune-
tional of the state p. Expressed in this way, the assumption is quite
reasonable; it merely requires that the state of an ensemble be suffi-
cient to determine the distribution, as would be the case in classical
physics. In particular, no additional information regarding the method
of measurement is needed to obtain W; thus once a W for a given p is
found by the method of trivial joint measurement, it is naturally
assumed that this Wisthe W associated with the given p independently
of how .7 and % might be measured.

Suppose, however, that [4,B] s 0. Then the method of trivial joint
measurements is of course inapplicable. Does (J,) still hold? Is the

1 It is true that such a mapping defies ordinary geometric intuition ; never-

theless, it does exist, for the line and plane are of the same order of infinity,
namely, that of the continuum.



234 JAMES L. PARK AND HENRY MARGENAU

quantum state p alone sufficient to determine W’s for joint measure-
ments of noncommuting observables? We shall study this matter in
Sections 8-10.

Finally, it is perhaps of some interest to know that the postulate
(/1) or (J) has the following trivial consequence: two simultaneous
measurements of the same observable .o/ must each yield the same
result. Formally, we may choose € = of, #(¥) = (%) = of. Assign-
ment of probabilities to & (¥)- and %(%)-measurements via ordinary
quantal analysis of %-measurements obviously leads to nonzero
probability only when ‘both’ .o7-measurements yield identical results,
namely, that of the auxiliary % (=/)-measurement.

4. Von Neumann’s Theorem : Noncommuting Observables
Are ‘Incompatible’

The popular belief that the only compatible observables are the
trivially compatible ones was reviewed in Section 2, where the un-
certainty principle, the standard basis of this dogma, was presented
and found irrelevant. However, there exists also a rather formidable
logical demonstration that if two observables are compatible they are
trivially compatible. It is an elegant theorem (von Neumann, 1955,
pp. 255-230) due to von. Neumann which, strangely enough, appears
to be almost universally ignored, even by proponents of the viewpoint
for which it is the strongest support. Indeed the main impact of the
theorem seems to have been to influence mathematicians (Mackey,
1963; Segal, 1947; Varadarajan, 1962) interested in modern physics
to define the term ‘simultaneously measurable’ by the commutativity
condition for trivial joint measurability, which is not very helpful
in view of the fact that both words in common physical usage
already had other definitions, as explained in Section 1. Because
von Neumann’s theorem is of central importance to the problem of
compatibility, it is appropriate here to scrutinize it carefully, paying
special attention to the hypotheses on which it is based.

Let A and B denote two Hermitean operators corresponding to
observables o7 and . Assume that & and % are compatible (jointly
measurable). If .7 and & are simultaneously measured on a system,
two numbers will result. Now, suppose those numbers are added
(subtracted) and the sum (difference) is considered to be the result of
measuring an observable & (2) expressed symbolically by

P =oA+ B (D = of — B)

Clearly if .7 and & are compatible observables, & and & are observ-
ables. Therefore, in accordance with a widely accepted quantal
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postulate (P1S) there must exist Hermitean operators S and D
representing observables & and . It is easy to prove that if S exists,
S=A4+B.

To do this, recall the consistency criterion (¢;) of Section 2 which
the operator § must satisfy:

(c1) X Way, by; p) F (0, b)) =Tr (pS), for every p
7]
Here

therefore

2 [ZZ W (ay, b;; P)] ay, + \124 [% W (., bﬁP)] by =Tr (pS)

k

Because of the additive form of &, we see that the unknown joint
probability W(a,,b;; p) may now be replaced by the well-known
quantally prescribed marginal probabilities:

% Wiax, bi; p) = W g(bj; p) = Tr (pPg,)
Zl: W(a’k? bl; P) = Wﬂ(ak; P) =Tr (PPoac)

Hence, for every p,
S T (P i+ 3 T (pPg) b = T 68)
This determines S uniquely, as follows:
Tr (pS) = Tr (P % a/cPak) + Tr (P ; blPBz)

—Tr (p4) + Tt (pB)
=Tr[p(4 + B)], for every p.

Therefore

S=A+B
Similarly,

D=4—-B

From the correspondence rule % (/) <> % (A4) of Section 2 together
with those just derived there follows another:
AR« H(AB + BA)

where 2/ % denotes the observable measured by multiplying the results
of simultaneous measurements of ./ and #. The argument proceeds
as follows. If o/ and & are compatible, & and & are also, as well as
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% and 22 Thus Z = L(F? — D?) is an observable, and by the just
mentioned correspondences, its operator must be R = £(8% — D?). To
see the meaning of this strange operator, suppose that a joint measure-
ment of o7 and & yields the numbers ¢ and b. Proper manipulation of
a and b yields a number r, which is by definition the result » of an
Z-measurement: r = }[(a + b)2 — (@ — b)?] = ab. Hence, the operator
for the product &/% must be

R—}[(4 + B — (4~ B)*] = {(4B + BA)

Von Neumann’s simultaneous measurability theorem is based on
the correspondence rule just derived. It should be noted that neither
this rule nor the ones from which it follows are arbitrary postulates;
they are all deduced from the axioms, as demonstrated just above
and in Section 2. We shall now state von Neumann’s theorem and
review the proof sinee it is not well known.

Simultaneous Measurability Theorem. If o7 and & are compatible and
A <> A, B <> B, then
[4,B]=0

Proof : Since o and & are compatible, it follows that any function
of .7 and 4 is observable (simply by measuring .2/ and 4 simul-
taneously and using the results to evaluate the function); in
particular, consider the function 2/2%. By the correspondence
rules discussed above, o272 <> 42 and hence

A?B+ BA*
H_

2
A*HB 5

EPl

But the product correspondence rule also implies

AB+BA AB-+BA
[ A

— 1(4°B + 24BA + BA?) =P,

A* B = oA (AB) <> % (A

Since quantum theory cannot tolerate the ambiguity of having
several operatorsforasingle observable (compare footnote,p. 230),
we must set P, = P, and accept the consequences. The resultant
equation is

ABA = 1(A?B + BA?)

Moreover, the same argument is applicable to any functions
F (o) and G (%) ; thus

F(A)Y(B)F(A) = }[F*A)9(B) + 9(B) F*(4)] (4.1)
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For simplicity consider 4 and B having discrete spectra (the
general case is not essentially different): Aoy, = a,«;, BB; = 8,6,
Define functions %, and %, as follows:
F (@) = Buqps % (b) =y,
Then
ﬁk(ﬂ)H flc(A) =2 Sana’kPocn :Pmc

G(HB) > G(B) =X Sbmbzpﬁm :Pﬁl
Substituting these operators into condition (4.1), we have for

each k, [,
chPﬂLP o %(Poacpﬁz +PBZP )

But
P2 —-PpP P} =P
o ok B 8
Hence
PDLkPBzPOUc = %(Pozkpﬁz + PBLPOCk) (42)
Multiply (4.2) on the left by P, :
Pﬁt o %( akpﬁz +POCICPBLPOC]¢) (43)
Multiply (4.2) on the right by P,
POCkP,Bl o T %(PakPBZPDCIU +P[31Pozk) (4:‘4)

Subtract (4.4) from (4.3):

PakPﬁl — P&Pmc =0
Therefore
[A,B] =] % akbl[Pak,Pﬁl] =0

This completes the proof of von Neumann’s simultaneous measur-
ability theorem.

Expressed succinetly, it says that if o7 and Z are compatible, they
are trivially compatible, for their operators necessarily commute.
Unlike the semi-classical gedankenexperiments, the vague interpreta-
tions of the uncertainty principle, and some strange philosophizing
about subjective wave packet reductions, the foregoing theorem offers
an argument strong and clear in behalf of the proposition that non-
commuting observables cannot even in principle be measured simul-
taneously. It affirms that the very notion of general compatibility
simply cannot logically be appended to the established theoretical
structure of quantum physics, unless the latter is somehow modified.
This possibility of nullifying the theorem by such a basic alteration
in the quantum postulates will be considered later.

Evidently inspired by the preceding theorem, various authors
(Birkhoff & von Neumann, 1936; Piron, 1964; Reichenbach, 1944)
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have suggested that quantum mechanics should be rephrased in a new
logical framework which would properly allow for incompatibility.
We intend to show in subsequent sections that von Neumann’s
mathematics in fact does not establish incompatibility as an intrinsic
quantal property but rather proves something else. Hence, if our
analysis is correct, any ‘quantum logic’ designed to embrace incom-
patibility is motivated by and founded upon a mistaken interpreta-
tion of quantum physics. Accordingly, we shall not review such a
system in any detail; however, it is instructive to expose certain
salient features of ‘quantum logic’ to establish clearly its relation to
von Neumann’s theorem.

Propositions, or questions, are easily introduced into quantum
theory as functions of observables. For example, consider an observ-
able

A A= a,P,
E

and the proposition &,,: ‘.4 (/) would yield a,.” The proposition &#,
is just the observable measured as follows: measure .27 ; if a,, results,
assign to &, the value 1 (by convention); if a, (s a,) results, assign to
2, the value 0. In short, &, =% (%) where %, is defined by
F () =3, 4, Hence

@an;n(A):Zg:n(ak)PukzPan
k

Similarly, a suitable projection operator may be found for any
proposition involving commuting observables; but because of von
Neumann’s theorem, any compound proposition involving non-
commuting observables must of course be regarded as undecidable,
or absurd. For any two compatible propositions, & and 2, it is possible
to find operators corresponding to the logical relations & ‘or’
=PV Zand? ‘and’ 2= N 2:

PUIP+Q—PQ
PN PQ

The change in logic said to be necessitated by quantum mechanics
has to do with the classical distributive law of propositions:
ZNR2UR)=PN2HU L NR)

Suppose 4, B are operators in a two dimensional Hilbert space. If
[4,B]#0, and 9’<—>Pﬁl, 2¢>P,, £ P,, then because of von
Neumann’s theorem, the distributive law cannot hold in quantum
theory. To see this, note that

7N (gU’@)HPB1(PO£1+Pa2_Pa1Pa2):Pﬂ1(1WO):P,sl
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but (ZN2)U(PNHK) is an absurd proposition because neither
P N 2 nor Z N Z is measurable since they are compounds of &/ and
4% with [A4, B] # 0. Thus, since the distributive law apparently cannot
hold in quantum theory, it has been suggested that ‘nondistributive’
logic is required for modern physics.

Contrary to this view, we shall later show that once von Neumann’s
theorem is properly interpreted, quantum theory provides no reason
to eradicate the distributive law of logic.

5. Counterexamples : Noncommuting Observables Are
Not Incompatible

Mathematically speaking, von Neumann’s simultaneous measur-
ability theorem is beyond criticism. Neither logical nor algebraic
errors are involved; the theorem is a legitimate deduction from P1S
and P2. If, therefore, one could find a counterexample, i.e., describe
quantum mechanically a physical process fully certifiable as a simul-
taneous measurement of, say, position and momentum, then the basis
of von Neumann’s theorem would require reformulation. It would
then establish not the incompatibility of physical observables but
rather the inconsistency of the quantum mechanical axioms. In this
section we shall construct such counterexamples.

It is instructive to consider first a typical quantum theory of
measurement for a single observable, namely, the ‘time-of-flight’
method for measuring the momentum £ of an electron. We assume
that the rule of correspondence for position & is an ideal one which
might consist, for example, of the direct observation of a coincidence
between a scale marking and a macroscopic spot appearing on a
photographic plate in response to an electron impact.

Suppose we have an ‘electron gun’ which prepares the state p = P,
Using nonrelativistic wave mechanics, the probability density
wa(p; ) for A (Z) at the time of preparation is easily calculated:

o0 2
. .
(D3 ) = | 3|2 = f oo (_%”) W),
where
WHP:ZTZE%, wp=(2wk)_1fzexp%gf,

P’}Tp =p77p, <7Tp17 77172> = 5(291 _'ZJZ)
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This distribution is the quantum mechanical touchstone for deciding
whether or not a proposed experiment which generates numbers via
the established operational definition for .# (%) qualifies as a momen-
tum measurement scheme .#,(#). If the numbers in question are to
be regarded as .#,(%)-results, they must satisfy the theoretical
distribution waz(p; ).

Let t = 0 be the time when the electron is known to be in the pre-
pared state p = P,. The wave function (z,¢ = 0) is assumed to be of
compact support, and it is convenient to set up the origin of the z-axis
so that the interval where i(x) £ 0 is (—,%o). The A4 o(P)-procedure
(Feynmann, 1965) is simple: wait a very long time ({ — «) as the
electron moves freely, then measure the observable F# (%)= mZ s,
where m is the electron mass. The resultant number then counts as
the result of .4 (#) at t = 0. To justify this operational definition of
Z quantum mechanically, we must prove that the probability for
M(P) to yield pe(p,ps) at £ =0 equals the probability that
M F (X)) yields mzft € (p1,p2) as t —> . In short, it must be shown
that

ma
Wolp & (b2 40, 0 = W |5 € (p1,2) 0,1 > o]
J
To find Y(z,t), given (z,0), one must use the general quantum
theoretical ‘law of motion’. In the present case, p = P, and the law of
motion reduces to ¢, = T'(£,0) ¢y, where 7' is the free evolution operator
for the electron. In function space, this transformation is given by

[ m ima® [ m X2
zﬁ(x,t):A/(m)expW f exp[——m(xxl—%)]zp(xlﬁ)dxl

Wf(er)[me € (p1, P2); Pl=, ’5)]

t 11
= Wg[x e (% , %) s Pz, t)]
pat/m
= | WaeoPde
pit/m

© 2

f exp [—%}(mxl — 3%2)]1“:61) da,

~ 00

patim

m
zmﬁf‘ix

Ppitjm
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Changing the variable of integration by letting « = pt/m, we obtain

W”’(z)[mx (P1,p2)s la, )]

f 2wh1 fGXP[zm 2_@7?}#(961)01901

Sinee (x,) = 0 for x; ¢ (—xo, ), the integral over x; is equal to

2

o

U
f exp[th 7 ]dx1
—&o

and we may take the limit { — < inside the integral without difficulty.
The result is then

Wﬁ(%)[mx (P> p2); (, 1), 8 — 00]

D2 0 ;2
exp\;—szl/k P(xy) d”ll dp

But this equals
21
| walps (@, 0)1dp = Walp € (p1,p2); (. 0)]
P1
Hence the results of ‘direct’ % (%')-measurements performed suffi-
ciently long after the preparation of yi(x,0) will be distributed just
like the theoretical results for .# () upon (x,0). This time-of-flight
arrangement is thus fully certified quantum mechanically as an
operational definition of & (for pure states (x,0) of compact support).
Because quantum theory can make only statistical predictions, no
further guarantee that this method ‘really’ makes #-measurements is
required. Indeed further quantal analysis of the question is theoretic-
ally inconceivable. Of course it is possible to note that a free classical
particle initially confined to (—zx,,x,) would, by Liouville’s theorem,
after time ¢ have momentum in the range

_ma _mg
P=7 t

and that as ¢ — o, p — ma/t. However, strictly speaking, this simple

classical demonstration adds nothing to the quantal argument just

given. A serious theory of measurement should not rely on heuristic
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classical analogies; it should establish its consistency wholly on
quantum mechanical grounds by matching probabilities in the manner
illustrated.

With this understanding, it is easy to see that this time-of-flight
method for obtaining the result that .#,(#) at t = 0 would yield also
determines the result that .# (%) at any time ¢ > 0 would yield. This
follows from the fact that momentum is conserved in the free motion
of the electron ; in quantum mechanical terms,

Walp € (p1, p2); (2, 0)] = W[ p € (p1, pa); (. 1)]

Thus by the same reasoning which validated the time-of-flight
method as a rule of correspondence for .# (%) at t = 0, we can likewise
regard the results of A [F ()], t > », as A (P)-results for any
t > 0. In particular, consider that instant when the electron strikes
the photographic plate and the result emerges. For that instant we
may conclude with full quantum mechanical justification that .# (%)
would have yielded % (x) where « is the result of the .#(%’). Hence,
contrary to the prohibitions of von Neumann’s theorem, we have an
empirical method for the simultaneous measurement of & and 2, two
noncommuting observables!

Incidentally, it should not be thought that the physical unattain-
ability of ¢ — o vindicates the incompatibility doctrine by preventing
the performance of a ‘perfect’ time-of-flight #-measurement. Although
it is true even classically that time-of-flight #-measurements are
never perfect for finite ¢ (unless & at ¢ = 0 is known exactly), neverthe-
less classically and quantally the error inherent in the method can be
reduced below any arbitrary limit simply by choosing sufficiently large
t, as shown above, Besides, the { — o approximation is not a special
property of (Z',%)-measurements in general; for example, a magnetic
deflection method for joint measurement of Z and & which does not
require { — < will be outlined later (Section 10).

There is a tendency among interpreters of quantum theory to
dismiss simultaneous measurement schemes such as the one just
described as if they did not in fact legitimately challenge the orthodox
view that £ and & for example, cannot be measured simultaneously.
The usual argument seems to have been originated by Heisenberg
and may be summarized by his statement (Heisenberg, 1930, p. 20)
that ‘the uncertainty relation does not refer to the past’. In the time-
of-flight experiment, for example, by the time the Z', #-values emerge,
the time to which they refer—the instant just prior to the electron’s
collision with the photographic plate—is past; and the electron is
then buried in the plate. According to Heisenberg (1930) such ‘know-
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ledge of the past is of a purely speculative character, since it can
never ... be used as an initial condition in any calculation of the
future progress of the electron and thus cannot be subjected to experi-
mental verification. It is a matter of personal belief whether such a
calculation concerning the past history of the electron can be ascribed
any physical reality or not’.

In response to this distinctly philosophical argument, we offer the
following comments:

(1) Knowledge is an ambiguous word in discussions regarding quan-
tum measurement. From a strict quantal point of view an electron
never possesses properties ', P, ete., of which one can conceivably
be knowledgeable or ignorant. There simply does not exist a pre-
paration scheme IT which produces electrons always yielding the
same Z',Z-values from Z,2-measurements ; the relation A% A2 > k/2
among standard deviations is simply a quantitative expression of
this fundamental fact. Accordingly, measurement should never be
described as though it increased knowledge by revealing the actual,
previously unknown, ‘vatue’ of an observable. Measurements simply
generate numerical results associated with certain operations and
observations upon the system of interest. The meaning of these
numbers is provided by the theory into which they are fed ; in quantum
theory it happens that the numbers are not be to regarded as measures
of possessed attributes.

(2) It is therefore pointless to say that the uncertainty relations do
not refer to the past. They refer to the standard deviations of collec-
tives of measurement results at any time. What the relations do nof
refer to is measurements upon a single system at a single time;
standard deviations naturally refer only to measurements upon
ensembles. Hence, as explained in Section 2, the emergence of simul-
taneous 2 ,#-values upon measurement in no way violates the
uncertainty prineciple.

(3) In the time-of-flight method, the %,%-measurement results
refer of course to the instant just prior to the electron’s impact in the
plate. These numbers are indeed useless for predicting in classical style
the result of a future 2’-measurement, but they are no more ‘specula-
tive’ or lacking in ‘physical reality’ than any other measurement
result. Their lack of predictive power stems from the fact that the
‘motion’ of quantum systems is not governed by Newtonian laws.
That the Z',%-values refer to a past time is no special property of
simultaneous measurements; it is characteristic of all quantum
measurements. The time-of-flight measurement of Z alone referred to

16
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t =0 although the result did not emerge until ¢ — . Nevertheless,
such Z-measurements play a key role in the process of empirical
verification; for example, their statistical distribution determines
whether or not the state prepared by the ‘electron gun’ is really
J(x,0). Indeed, if the physical significance of ', #-values is a matter
of ‘personal belief’, then all measurement results for single observ-
ables are likewise of solipsistic value only.

We therefore conclude that the foregoing method for simultaneous
measurement of 2, # is as significant as any other quantum mechanical
measurement scheme, philosophical appearances notwithstanding.

The time-of-flight method for .#,(%) exhibits a curious feature
which seems at first paradoxical. Only & is ‘directly’ measured; 2 is
then measured by calculation of F(&). Yet if # = F (&), it follows
(compare Section 2) for the respective operators that P =7 (X),
hence [X,P]= 0, which is false. To see this more accurately, it is
convenient to describe the time-of-flight method in the Heisenberg
picture, where %'y« X, Py« P, X, X,, P, <> P, X, =T XT,
P,=T'PT, T being the free evolution operator. In these terms, it
would appear that the time-of-flight scheme is based on the relation
P = (mft)X,, t - ». But from this expression and momentum con-
servation (P = P,), it follows that

[X,P|= [T XT,T'PT] = [Tt XT,P] = [Xt, th]

e
which contradicts [ X, P] = ¢#1,

The resolution to this dilemma provides interesting information
regarding quantum measurement. The error in the above reasoning
inheres in the assumption that P =mX,/t just because & = mZ/t is
used in the time-of-flight arrangement. Actually, the relation
P =mJt holds only for initial wave functions (x,0) of compact
support that develop freely until the measurement of %, { — . In
general, [ X, P] # 0 and no % exists such that? = % (Z'). Nevertheless,
this analysis reveals two interesting points concerning quantum
measurements: (1) Even if [4, B] # 0 so that no general trivial joint
measurement scheme for o7 and 4 can be constructed, it may still be
possible, for eertain states and measurement arrangements, to
measure % as a function of .7 (or vice versa). (2) Conversely, the fact
that # = F (.of) for some particular M (%) does not imply B = F (4).
However, as shown in Section 2, if & =% (&) always, then the
operator relation B = % (4) is valid.

To conclude this section, we introduce another counterexample to
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the simultaneous measurability theorem. Consider two quantum
systems Sy, 8, with observables ./, %, and &, associated with S,
and §,, respectively. Suppose [4,,B,]# 0 and denote eigenvectors
and eigenvalues as follows:

Aol = a0 ofd, Ayl = afP o
Let 81 4+ 8, be noninteracting but in a correlated state:
Y=3 o) @ of
%

If .7, has an established operational definition, the correlation in ¥
which relates .# (.o ;)-results to 4 (o7 ,)-results may be exploited in
the standard way to construct an .#,(o7;). As in the time-of-flight
M (P) case, we must cstablish a theoretical matching between
probabilities associated with .#(.%7,) and #,(s7,). Since

[ADAZ] = [Al ® 1;1 ® Az] = 0;

&/ and &7, may be jointly measured (trivially) through an auxiliary
observable (compare Section 3). The joint probability W(ai’,a{?; ¥)
is therefore easily calculated :

W(O’}cl): aEZ); W) =Tr (P'}’Poe,ﬁm@cxlm) = l%lekz

From this expression it is apparent that when .#(<7,) yields a{? a
simultaneous .#(«7;) would yield a{P. Hence we have an .# (/)
scheme: to measure .74, simply measure o7,; if a{? results, then a{V
is regarded as the result of .#,(%7,).

Suppose %, like .&7,, has an established operational definition.
Now, since the #,(.o7) just outlined involves no interaction with §;,
we may perform .# (%) simultaneously with .#,(<7,), and thereby
jointly measure noncommuting observables &/, and %,. Once again
von Neumann’s theorem is contradicted.

6. Strong Correspondence—the Axiomatic Root of
Quantal Inconsistencies

The necessary conclusions to be drawn from the last two sections
may be summarized as follows: (1) The quantal postulates (P18, etc.)
rigorously imply that noncommuting observables are incompatible.
(2) The same postulates together with what would seem to be a normal
scientific understanding of the term measurement may be used to
describe empirical arrangements which must be regarded as legitimate
schemes for the simultaneous measurement of noncommuting
observables. (3) Hence the standard postulates of quantum theory are
wnconsistent. We must therefore re-examine the axiomatic basis of
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von Neumann’s simultaneous measurability theorem and isolate, if
possible, the false hypothesis which enabled the rigorous deduction of
this false theorem.

As explained earlier (Sections 2 and 4) in order to derive a theorem
about simultaneous measurement of several observables from axioms
referring only to single observable measurements .#(.+7), the notion
of compound observable had to be introduced, subject to certain
consistency conditions, (¢,) and (¢,), which would have to be satisfied
by any operator corresponding to such a compound observable.
Condition (cq) was in general useless because it involved unknown
joint probability distributions. However, in the special case of the
sum of two observables o7 + &, the latter condition assumed a simple
form and, moreover, it even sufficed to defermine uniquely the corre-
spondence .o + % <> A + B upon which the simultaneous measur-
ability theorem was ultimately based. In fact, once this corre-
spondence is established, the logic of the theorem cannot be impugned,
as careful restudy of its proof (Section 4) will demonstrate.

We therefore direct attention to the correspondence o + %« A + B.
As just noted, condition (c¢;) alone implied this rule. To be more
explicit, P1S guaranteed the existence of an operator corresponding
to the observable o7 + % ; that operator would necessarily satisfy (c,)
and (cy). It then turned out that (¢,;) for & + ¥ could be satisfied by
only one operator, 4 + B. Thus condition (cs) was never used. This
observation provides an important clue in our search for the false
hypothesis which made possible the proof of von Neumann’s (evidently
false) simultaneous measurability theorem.

Is &7 + & really an observable? If not, P1S cannot be invoked to
assure the existence of an operator counterpart. To establish the
observability of &7 + %, we need only recall the last counterexample
of Section 5, which showed how two noninteracting but correlated
systems S, and S, could be used to construct an appropriate rule of
correspondence for simultancous #(</,) and #,(#,). Since the
experimenter is obviously free to add the two results, it is apparent
that o7, + %, is indeed observable. Therefore, by P18, there must exist
an operator S such that of | +- %1« S.

For simplicity, let system S; be a ‘spin’ whose relevant states and
operators refer to a two-dimensional spinor space. For noncommuting
observables .7, %, take x- and z-components of spin ¥, and .%,. In
terms of the Pauli operators, we have

B0 1 A1 0
Ml:y“_’é(\l 0)’ gl:yz%’i(o —1)
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Now, simultaneous measurements of .7, and 4, using the correlation
scheme involving auxiliary system S, will by Th4 always yield one of
these eigenvalue pairs: (5/2,%/2), /2,—7[2), (—h[2,%[2), (-h[2,—5[2).
(The two eigenvalues of any Pauli matrix are 1, —1.) Hence upon
addition to obtain &7/, + #;-measurement results, only the three
values, 7, 0, —% are possible. To use the set notation of Section 2,

‘/V‘(le + c@1) - {_h’; 0: h}

and by consistency condition (c,), if &+ %> 8, quantum
mechanics would be self-contradictory unless

(¢s) EWS) € N (A1 + %)

But (c,) must also be satisfied by § and, as shown in Section 4, the
only S meeting this requirement is, for the &7, + #; of the present

example,
g B0 1y B0 B
*2(1 o)+§0 )7zl

Now, by an elementary calculation, the eigenvalues of this operator
are fi/v/2, —h[\/2; ie., &(S) = {—h[+/2,hy/2}. Comparing the sets
N (A |+ Hq) and &(S), o + B> S, we find that

N+ B)NER)=¢

Thus the only operator § capable of satisfying (c;) does not satisfy (¢.).

To summarize: &/, + %, is demonstrably observable. P18 then
insures the existence of §<«» o7, + #,. If the quantal axioms are
consistent, that S must satisfy both (¢;) and (¢;). The unique S which
satisfies (¢;) violates (¢,). Hence, the quantal axioms P1S and P2 are
inconsistent.

This is of course the conclusion reached at the beginning of this
section upon confrontation of von Neumann’s theorem with the
counterexamples of Section 5. This fime, however, we have isolated
the difficulty within the initial hypotheses of that theorem and are
now able to understand ‘why’ the theorem is false. The reason is
simply that P1S—strong correspondence—proclaims the existence of
operator-observable correspondences which simply cannot exist in
harmony with the remaining postulates. Thus the axiom set—P18S,
P2—must be altered.

In view of the overwhelming empirical success of quantum
mechanics, it is immediately clear that any proposed axiomatic



248 JAMES L. PARK AND HENRY MARGENAU

modification should, if possible, be a ‘slight’ one; i.e., it should remove
the inconsistencies attached to the problem of compatibility, but it
should not affect the normal applications of the quantal algorithm
by revising or eliminating any common theoretical procedures. As
we have seen, the troublesome correspondences which breed incon-
sistencies are derived essentially from two quantal propositions: (1)
P18, invoked to guarantee the existence of an operator to represent
any given observable, and (2) Th1, which establishes the general form
of the quantum mean value functional, namely, Tr(pA4). Gbviously,
we cannot change just Thl without also altering the postulates;
moreover, since that theorem is the basis for the highly successful
quantum theoretical state representations (the density operators), it
is, practically speaking, not a reasonable candidate for deletion or
even revision. We are left therefore only with P18 to criticize.

In Section 2, a distinction was drawn between the usual axiom of
strong correspondence (P1S), which claims a one-to-one relation
between observables and Hermitean operators, and a simpler axiom
P1, called weak correspondence, which states only that every
Hermitean operator represents an observable. It should be clear that
P1 omits just that part of P1S which led to the inconsistencies dis-
cussed above. This suggests that P1, not P18, should be adopted as
the true quantal Correspondence Postulate. The question as to
whether this truncation of P1S to P1 still permits the derivation of
key quantal propositions such as Thl will be deferred to the next
section, where our advocacy of weak correspondence will be fully
justified.

If P1S is replaced by P1, what doecs von Neumann’s theorem really
prove? It becomes a reductio ad absurdum proof that the correspond-
ence & + %« A+ B and its consequence % <« HAB + BA) are
not valid if [4, B] # 0. To be specific, in the proof of the theorem, at
the stage where two distinet operators emerge to represent one
observable, one faces two logical possibilities: (1) Interpret this
ambiguity as the failure of strong correspondence, or (2) equate the
two operators to derive a condition on 4 and B for the existence of
the compound observables involving &/ and %, in short, a condition
for their simultaneous measurability. As presented in detail earlier,
von Neumann chose the second alternative, which enabled his
rigorous derivation of [4,B]=0 as the condition of simultaneous
measurability.

But what of the other possibility? Is it not perhaps more reasonable
to take alternative (1) and to regard the conclusion from (2) as an
absurdity which shows that no operators correspond to & + % or L%
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when [4, B] # 0? Ofinterest in this connection is an old but apparently
forgotten, mathematical objection to the principle of strong corre-
spondence, a theorem due to Temple (Temple, 1935; Peierls, 1935).

The basic premise is strong correspondence. As we have seen, it
follows that if A <> 7, B <> % then

A+Bos oA+ B,  YHAB+ BA)<> AR

Now, when these rules together with % (4) <« & (/) are applied to
the observable o/ #%, there results a threefold ambiguity:

(L B)E <> J[LAB + BA)C + $0(AB + BA)]
— I(AB + BA)C + 1C(AB + BA)

(€4) B > HCA - AC)B + }B(CA -+ AC)
(B%) o/ <> L(BC + CB) A + LA(BC + CB)

Once again, we face two alternatives: (1) Interpret the ambiguity as
the failure of strong correspondence, or (2) use the ambiguity to derive
arelation among 4, B, C. Temporarily choosing (2), it may be readily
shown that equating the above operators for &/ #% leads to the rela-
tion [C,[4,B]] =0, for every 4, B, C.

Up to this point, Temple’s theorem seems to be nothing but a
variation on von Neumann’s theorem. There is a radical difference,
however, in the final conclusion to be drawn. From the condition
[C,[A4,B]] = 0 and its permutations, it follows in several steps{ that
A, B, C constitute a commuting set; hence, since o7, #, € denoted
any physical observables, any two operators which represent physical
observables must commute! Needless to say, such a statement
violently clashes with the most successful parts of quantum theory,
and cannot therefore be permitted to stand. In short, it must be

T [C,[4,B]] = 0 implies [4,B] =d(4,B)1, d(4,B) a number, for any opera-
tors A, B. Then, $A4[B,C] = 3d(B,C)A and }[B,C]14 = 1d(B,0)A; adding
these equations gives 3(A4BC — ACB 4+ BCA — CBA4) =d(B,C)A. Similarly,
—#BCA — BAC + CAB — ACB) =d(4,C)B. Adding the last two equations
yields

B+ B
d(B,C) A —}-d(A,O)B:d(A—%Ll,O)I

for every 4, B, C. Hence

(B, C) — d(4, C) :d(L;BA, o) —0

for every 4, B, C.
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regarded as erroneous, and the hypotheses from which it is derived
immediately fall into doubt. Yet the similarity of reasoning in Temple’s
and von Neumann’s theorems is striking. Indeed the von Neumann
conclusion—the incompatibility of non-commuting observables—
should likewise be considered erroneous; and the common root of both
of these perplexing theorems, namely, strong correspondence, should
be abandoned. The benefits and liabilities of such a structural change
in quantal foundations will be examined in the following section.

7. The Consequences of Weak Correspondence

The suggestion that strong correspondence be abandoned is not
altogether welcome, primarily because quantum theory would suffer a
certain loss of universality. No longer would every physical observable
be automatically considered a quantal observable; there would be
conceptual room fornonquantal observables, to which some might even
attach the controversial adjective ‘hidden’. Moreover, the pillar of
faith upon which the search for rigorous mappings from classical to
quantal observables is based would be gone; but acceptance of con-
sequences such as these is not really an insurmountable task. On
reflection, it is just as easy to imagine that strong correspondence is
probably false as to presume for the sake of completeness that it is
probably true. For example, one might speculate half-seriously that
the power of the infinity (in Cantor’s sense) of physical observables
probably exceeds that of all Hermitean operators.

More significant for the physicist is the nonspeculative question:
what effect does the replacement of strong correspondence by weak
correspondence as a quantum axiom have on the principal quantum
theorems? Consider, for example, Thl, which states (in part) that
every real linear functional m(4) on the Hermitean operators may be
expressed in the form Tr(pA). Such a mathematical theorem is quite
independent of the physical problem as to whether operators can be
found to represent all observables; all that matters is that the
operators which are involved do represent observables. Within the
mathematical framework—which is of course the context wherein
theorems are proved—operational definitions are irrelevant, and
quantum mechanics is just a set of mathematical objects subject to
given rules. (Among these are tacit rules concerning the construct
M (/) which give meaning to the primitive term observable as it
appears in P1.) Thus none of the developments in linear algebra which
form the theoretical structure of quantum theory will be affected by
the elimination of strong correspondence. In fact a careful search
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through quantum theory by the present writers for a proposition
dependent upon strong correspondence revealed that no basic theorem
involving the analysis of ensembles, statistics of measurement results,
etc. requires P1S rather than P1 in its proof. (For example, compare
Theorems 1-5 in Section 2.)

As mathematical intuition suggests, the only type of theorem which
would require strong correspondence is of this general form: ‘the
operator corresponding to the observable & measured by ... is ¥’
Here strong correspondence is effectively standing in the background
and commanding the operator algebra to produce an ¥ satisfying that
set of requirements which comprises the definition of &, but leaving
no way to save the integrity of the theory in the event that no such ¥
exists.

On the other hand, if only weak correspondence is adopted, no
theorem of the foregoing kind is ever contemplated. Given an observ-
able #, the operator algebra is not expected to produce an F'; instead,
it is simply asked whether or not F does exist such that & «» F, In
short, what were formerly regarded as ‘correspondence theorems’ are
now interpreted as tests of validity for proposed correspondences.
Here is a summary of the correct interpretation of the theorems of
this kind which were presented in previous sections:

(1) o + %« A + B: (¢c;) uniquely determines the operator 4 + B
but (cz) is often violated. The correspondence is therefore not generally
valid.

(2) AB <« 3(AB + BA): Von Neumann’s ‘simultaneous measur-
ability’ theorem is merely a demonstration that this correspondence
can apply only to commuting operators (in which case it takes the
simple form /% <« AB = BA).

(3) A HBE <« ?: Temple’s theorem is further proof of the incon-
sistency of the correspondence (2).

Incidentally, for [4, B] + 0, rules (1) and (2) are just special cases
of the postulated correspondence % (%)« #(C). To see this, recall
that [4, B] = 0 implies the existence of C, %, & such that 4 = % ((),
B=%9(C). Hence oA + B=F(C)+ G &€)—>FC)+%C)=A+B
and AH = F(€)9(F) > F(C)%(C) = AB = BA. In this connection
it is instructive to consider a simple example which illustrates why
consistency condition (¢,) required only &(F) < N [F (A, H)] rather
than &) = N [F (A, B)]. Let of = F 2 B =h¥, where &, is the
z-component of orbital momentum, &, <> L, = (%/:)(d/0¢). Suppose
«/ and 4 are measured simultaneously and the results added together.
N (o + H), the set of all @ priori conceivable results of this procedure
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is given by N (£ 2+ hL,) = {m*k* + nk*}, since &(L,) = {mh}. Now,
the eigenvalues of L,? + /L, comprise the set & (L% -+ hL,) = {k(k+ 1) h?}
which is only a subset of A7(+Z 4 4), i.e.,

(L2 + kL) =« AL+ KL

The reason this set inequality appears is easily understood if postu-
late (J;) or (J,) of Section 3 is recalled. Any measurement of the
observables #,% and %.%, must yield results correlated in the same
manner as would be the results of a trivial joint measurement of these
observables. One such trivial joint measurement would involve simply
measuring ., and evaluating #,% + 1.%,. Obviously, this procedure
could yield only numbers in the set {k(k + 1)%*} = &(L,% + hL,;). This
demonstration merely affirms the consistency of (J4) or (J,) with the
postulated correspondence % (%) «— Z(C).

Unfortunately, elementary treatments of quantum mechanics
occasionally employ correspondences (1) and (2) as if they represented
a universal method of ‘deriving’ quantum operators from classical
functions. Since (1) and (2) are, for most o7, 4, false, it is evident that
so-called ‘quantization’ schemes based upon (1) and (2) are in fact
nothing but memory aids which presuppose familiarity with classical
mechanics.

For example, consider a classical harmonic oscillator, i.e., a system
whose energy is given by the function

_ P i
W(x,p)—zm—l—zkx, k>0
Supposedly, the oscillator is ‘quantized’ by using the established
correspondences 2 «»> X, %« P plusrules (1) and (2) to find operator
H such that #" «» H. This procedure yields immediately

— 1 2 k 2
HM%P +§X

the energy operator which then serves to define the guantum harmonic
oscillator. To see that this scheme is merely mnemotechnical and has
no significant logical value, it is sufficient to note that the classical
function #” contributed nothing to the operator H except its functional
form. If the definition of the quantum energy operator were based
in a physical sense upon the classical energy function, then the opera-
tional definition of energy which ¥ (x,p) entails would also be valid
for the quantum energy operator: quantum energy would like
classical energy be measurable by first measuring observables &, 2,
then using the results, , p to evaluate # (x,p). Thus the quantum
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energy operator H would be defined such that #(Z.#)«> H, ie., H
would have to satisfy consistency conditions (¢;) and (c,).
Now it turns out that
k

_ A pr by
H=o- P*+ X

does not meet these requirements. The logical situation is therefore the
following: the quantum system called ‘simple harmonic oscillator’ is
by definition one whose energy observable 5 corresponds to the
operator above, the form of which can be remembered by classical
analogy. 2 has its own rules of correspondence, but among these the
classical prescription—measure 2" and &, evaluate # (x,p)— does not
appear. 1t is quite possible to measure Z and Z simultancously and
obtain thereby a value for # (x,p) which is not an eigenvalue of H.
For example, assume the oscillator is system S, in the joint measure-
ment scheme outlined at the end of Section 5. Let the correlation be-
tween S, and S, (which are noninteracting) be such that a momentum
measurement upon S, determines the potential result of a concurrent
M () on 8. Consider the §;-subensemble defined by the property
that such .#,(#)’s would have yielded p = p;; this subensemble is
therefore characterized by the eigenfunction m, = (27%) *exp (ip; /)
(5-function normalized), which obviously assigns equal relative pro-
bability to all results of A4 (Z). Hence this kind of simultaneous
Z,?-measurements upon the oscillator will often lead to values of
W (x,p) which are not in the set &(H) = {(n + §)%i+/(k/m)}. Hence by
Th4 the classical energy function # (x,p) has in a sense nothing to do
with the quantum energy observable J# «» H.

Let w(x,p) be the joint probability density associated with the
simultaneous measurements of & and £2. Our analysis of the relation
between ¥ (x,p) and H indicates clearly that we should nof expect
w(x, p) to satisfy the following equation:}

f dx f dpw(z, p) W (x,p) = Tr (pH)

This observation is of special importance in connection with the
problem of joint probability in quantum theory (Section 8).

With the replacement of P1S by P1, the theoretical structure of
quantum mechanics is freed of the various inconsistencies exposed in
earlier sections. Fortunately, this simple axiomatic change has no

T Another example to illustrate this point may be constructed by contrasting
measurements of the observable o + 1%2 to those of the observable whose
operator is H - $X?2. The former can lead to any result, the latter only to
numbers in the set {(n + §)%+/[(k + 1)/m]}. Thus the operator H + X2 and the
observable o + 122 do not refer to the same physical situation.
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effect whatsoever on the normal applications of the theory to experi-
ment, such as the calculation of scattering cross sections, spectral
intensities, etc. But this revision does have considerable theoretical
and philosophical significance. Indeed, the elimination of these logical
inconsistencies from quantum theory automatically removes the only
sound theoretical foundation the concept of incompatibility ever had.
Von Neumann’s simultaneous measurability theorem is now recog-
nized as a correct mathematical theorem physically misinterpreted as
a restriction on measurability; as we have seen, it is in fact a reductio
ad absurdum proof that the correspondence /%« ${{AB + BA4) is
false unless [4, B] = 0, or in other words, a proof that [4,B]=01is a
necessary condition for the validity of /% «» (4B -+ BA).

Hence any physical or metaphysical idea motivated by or founded
upon the concept of incompatibility now requires careful re-examina-
tion. Three common propesitions based on incompatibility are the
following : (1) Because noncommuting observables are in principle not
simultaneously measurable, it is meaningless to contemplate joint
probability distributions of quantal measurement results; (2) Since
any proposition about the results of simultaneous measurements of
noncommuting observables is meaningless, a new system of logic is
required for quantum physics; and (3) The operators corresponding
to two local observables separated by a space-like interval must
commute (‘microcausality’). These inferences from the false hypothesis
will now be discussed in sequence.

(1} The incompatibility doctrine having been discarded, there
remains no a priori restraint against the study of joint distributions.
Accordingly, in the remaining sections of this work, quantum joint
probabilities will be studied systematically.

(2) At the end of Section 4, we indicated how incompatibility led
to the notion that quantum mechanics requires a new, ‘nondistribu-
tive’ logic, i.e., a system which does not involve the law,

PNQUR)=(PN2UPNR)

which merely expresses an idea most physicists—including quantum
theorists—regard as ‘common sense.” The problem was that proposi-
tions &, 2, and Z can be given for which there does exist an Hermitean
operator corresponding to the left member but there is not one for the
right member. Apart from the esoteric context in which it is cast, this
problem is not different from the difficulty encountered with the
correspondence o7 + % <> S. Just as an appropriate S exists only
when [4, B] = 0 similarly a D exists such that # N 2 <> D only when
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[P,@]=0. When [P,Q]#0, it simply means that the compound
proposition Z N 2 has no operator representative D. Naturally it is
then impossible to write down an operator counterpart to the distribu-
tive law; but this does not make the law wrong! Thus when PI1S is
replaced by P1, it becomes apparent that the search for ‘quantum
logics’ receives no legitimate motivation or endorsement from
quantum physics.

(3) The ‘microcausality’ principle (Mandl, 1959; Streater &
Wightman, 1964) of relativistic quantum field theory is often intro-
duced as though it somehow combined in one grand statement the
principles of relativity and complementarity. Actually the super-
ficial argument involved is nothing but a pun on the term ‘inter-
ference’. Consider two local observables .of (), #(x,), i.e., observables
associated with space-time points z,, z,. According to the theory of
relativity, no signal can connect x; and x, if they are separated by a
space-like interval in Minkowski space. Hence no operation at x;
could possibly ‘interfere’ with an operation at z,. On the other hand,
if [A(x;), B(xs)] # 0, then the orthodox version of quantum theory
insists that o/ (z,) and #(x,) are not simultaneously measurable, or as
this is often colorfully phrased, any attempt to measure noncommut-
ing observables simultaneously will be obstructed by mutual ‘inter-
ference’ of the measurement procedures employed. Therefore, if x;
and z, have a space-like separation, relativity precludes any ‘inter-
ference’ between the measurement operations; hence [A(x;), B(x,)] = 0
necessarily. Clearly this argument is grounded in the canonical mis-
interpretation of commutativity as an index of measurability. The
argument is therefore untenable; it should be understood, however,
that no pretense is here made of disproving the ‘microcausality’
principle itself. Its generalization to quantum field operators plays a
major role in proofs of the TCP and spin-statistics theorems, and the
mathematical property of commutators which the term ‘micro-
causality’ represents may indeed be a necessary physical postulate.
What we have established is that ‘microcausality’ should be regarded
as a new postulate, devoid of elementary quantum physical motiva-
tion and rather undeserving of its suggestive name.

Much of the argument here criticized would hold if the term
measurement were replaced by preparation of state.

8. Joint Probability in Quantum Theory

Research concerning joint probability distributions of noncommut-
ing quantum observables has been reported by various authors
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(Dirac, 1945; Moyal, 1949; Suppes, 1949, 1966; Wigner, 1932;
Margenau & Hill, 1961; Margenau, 1963; Cohen, 1966; Cohen and
Margenau, 1967). Interestingly, their motivations seem to rest upon
rather diverse problems—hidden variables, operator-observable cor-
respondence, reduction of diagonal matrix elements to phase space
integrals, etc. However, the common feature of all these attempts to
derive joint distributions has been their failure to meet all the mathe-
matical conditions to beimposed on distribution functions. In general,
the procedure is to set up equations which any proper joint distribution
must satisfy and then attempt to solve these equations for the distri-
bution. A natural starting point for such an investigation is the
consistency condition (c,):

I F (A, B) > F and W(ay,b;; p) is the (unknown) joint probability
that A (), M (%) would yield a;,b,, respectively, then

% W(ay, b; p) F (ay, b;) = Tr (pF')

It is also natural to assume, as we have already done implicitly in
previous sections, that the marginal distribution associated with
W(a;,b; p) should equal the quantum mechanical distributions
associated with single measurements;i.e.,

> Wiay, by p) = Tr(pP,,)

% Way, by; p) = Tr (PPBL)

Strictly speaking these equations are special cases of (¢q).

In ordinary classical statistics, where it is always possible to
conceive of the measurements as revelations of possessed values, the
possibility that this latter condition might be denied is almost un-
thinkable. However, in quantum theory where the bond linking
observable and operator is far more subtle, where measurement results
must be interpreted in the minimal way simply as numbers which
emerge in response to measurement acts, it is not so unreasonable to
suggest that the distribution and/or the values of .o/-measurement
results might depend on whether or not the .2/-measurement is per-
formed ‘alone’ or in conjunction with other kinds of measurements.
However, it is not difficult to see that such a dependence would raise
serious conceptual problems which would greatly complicate the idea
of measurement. Suppose, for example, that Th4 had to be narrowed
to the statement that .#,(s7) yields elements of &(4), provided no
physical operation except the .«7-measurement itself is performed upon
the system of interest. The empirical vagueness of such a proviso is
immediately evident; supplementation of the quantal axioms by
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restrictions of this kind would require the elucidation of criteria which
distinguish physically between an ./-measurement ‘by itself” and an
/-measurement ‘in conjunction with other operations’. Accordingly,
for the sake of simplicity we assume, as is always done, that ‘an
&/ -measurement is an ./-measurement’ regardless of what else
happens concurrently and that marginal distributions are therefore
always equal to those given by the quantum mechanical trace formula
(Th1). Incidentally, as a consequence of this assumption, the un-
certainty principle will apply to the results of simultaneous o7 ,%-
measurements upon the members of a single ensemble (compare
Section 2); this follows from the fact that the uncertainty theorem is
derived from the ordinary quantal distributions for single observables
which have just been assumed equal to the marginal distributions
associated with simultaneous measurements.

There is a fair amount of literature dealing with the special case of
(c1) where of =& (position) and & =2 (momentum), [X,P] = ikl.
Because the spectra of X and P are continuous, an integral of a pro-
bability density w(x, p;) replaces the summation on probability W ;
for pure p, i.e., p = Py, (c;) then becomes

[ dw [ dputa.pi) F@.p) = )

Now, if there were a general rule which provided F given % (x,p) it
should then be possible to extract w(xz,p;) from this equation by
some inversion method. However, since we have found in previous
sections that compound observables may have no operator counterpart at
all, it would not be surprising if the w(x,p;fs) which satisfies (c,) for a
proposed correspondence F <« Fturned outto be unsatisfactory. Previous
publications show this to be the case.

Suppes (1961) has argued along these lines that quantum mechanics
cannot admit a proper distribution w(x,p;¥) and that simultaneous
measurement of 2’ and # must therefore be impossible. Although both
conclusions are false, it is instructive to examine his argument. The
idea is to use (c;) to obtain the characteristic function @(6,7) for
w(x,p;4) and hence by Fourier inversion w(x, p;) itself. The charac-
teristic function @(4, 7) is defined as the mean value of

F (x,p) = exp (10z + imp)
Suppes assumes without special comment that if Z «» X, % <> P, then

F(XE,P) = exp (0% +irP) — exp (16X +irP)=F
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This suffices to determine w(z, p; ) uniquely as the Fourier transform
of (,exp (10X + irP)y)>:

w(x, p;f) = 2177 f P (x—u?h)exp Hiup)zﬁ(x—ku—;)du
Because this w is not positive semidefinitet yet is unique, Suppes
concludes that 2" and & are incompatible observables.

Having seen the same erroneous conclusion drawn from (c,) before
(compare Section 4), it is not so difficult this time to reinterpret the
mathematics. Suppes has not proved the sweeping assertion that Z
and & cannot be measured simultaneously; he has shown only that
the correspondence

exp (10Z + irP) «> exp (160X + i7P)

is not valid. We have seen earlier how von Neumann’s incompatibility
argument motivated the study of ‘quantum logics’. Similarly, in a
recent paper Suppes (1966) deduces from several premises that ‘the
functional or working logic of quantum mechanics is not classical’.
Among these premises is his (false) assumption, motivated as above,
that joint distributions in general do not exist in quantum theory.
Hence this call for a quantum logie, like that discussed in previous
sections, is ingpired by the misinterpretation of a mathematical
theorem.

The use of (¢;) on characteristic functions is not the only conceivable
way to generate joint probabilities. Another scheme, developed by
Margenau and Hill (1961), begins with the concept of covariance:

Cov (oL, B) = (AB> — {A B>
= % Wag, by; ) by — (S H{B)

The first problem is to find an Hermitean operator F <» &/% which
leads to desirable properties for Cov(sZ,%). Once F is selected, the
two covariance expressions above are equated to obtain what will be
recognized as the (¢,) condition for #(/, %) = A% :

%] Wiay, b ) a,b,= b, Fofy

Because it gives the covariance reasonable properties, Margenau and

Hill chose
=1(4B + BA)

+ This w, known as the Wigner distribution (Wigner, 1932), is a useful
computational tool in statistical mechanics. It is not the only function serving
this purpose, as will be noted presently.
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Unfortunately, the W’s to which this leads may take on negative
values, as in the other instances.

With our reinterpretation of von Neumann’s ‘simultaneous
measurability’ theorem {compare Section 7), perhaps it is possible to
understand why this covariance method was unsuccessful. Since that
theorem, correctly interpreted, proves that the correspondence
A PB < 3(AB + BA) is generally consistent only for commuting
observables, it is inevitable that any theory built upon this corre-
spondence will at some point break down. From this perspective, the
conclusions of Margenau and Hill may be regarded as further evidence
against strong correspondence.

Although the elimination of strong correspondence does save
quantum theory from self-contradiction, we now see that the con-
sequent absence of operator-observable correspondences effectively
leaves (c;) useless for finding joint probabilities. It is therefore reason-
able to shift the base of research from (c,) to the marginal distribution
requirements, for which no operators representing compound observ-
ables are needed. This was already done in earlier investigations
(Margenau & Hill, 1961; Margenau, 1963). For a pure state p = Py,
we have

Ez W (g, by ) = |<°%> ‘7[’>’2
2 W aln bl: I<Bl: ‘/’>|

There is at least one satisfactory solution to these equations
namely W' (ay, by; ) = | oy, | Y2 |{B1, )| > Asshown by Margenau (1963),
this stochastically independent form of W’ in no way violates the spirit
of quantum theory. (The uncertainty principle, for example, is deriv-
able from W', a fact which shows again how improper it is to interpret
that principle in terms of mutual ‘interference’ of measurements.)
Nevertheless, it must be asked: are there other positive semidefinite
W’s which also satisfy the marginal distribution equations? Is W’
unique?

For the special case where 4 = X, B=P,[X,P] = k1, Cohen (1966)
has laid the ground-work for answering this question by providing a
canonical form for w(z, p;y):

w@,pif) = fdefd“fdmxp (—ibx — irp + ibu)

ctuoo- ol

17



260 JAMES L. PARK AND HENRY MARGENAU

any choice of f(8,7) such that f(0,0) =f(f,7) =1 will generate a w
satisfying the marginal requirements. The f for any given w is found
by Fourier inversion. No way has been found to isolate those f’s which
generate positive semidefinite w’s.

Nevertheless there exist semidefinite joint probability distributions
for every state i, as we shall indicate by way of examples. Apparently
they cannot be specified by the axioms of quantum mechanics, nor by
any elegant general rule we have discovered. The reason for this, it
seems, is the fact that compound operations do have results which
often depend upon physical circumstances, on the nature of states as
well as the manner of observation. Hence one would not expect a
general set of axioms to control their mathematical representations.
In an earlier paper (Margenau, 1963), note was taken of these vagaries
concerning joint measurements by introducing the concept of a
compound measurement, which avoids the need for defining joint
probabilities altogether. Our present pursuit is parallel, but along
more traditional lines.

If we restrict ourselves to operators with discrete spectra, the
problem of finding all admissible W(ay,b;;4)) becomes more tractable.
Consider the special case o = (2/h) S ,, # = (2/h) &L, where &, &,
are spin components for a spin-4 system. The operators which corre-
spond to <7 and & are represented by the Pauli matrices:

1 0 0 1
&i(——)(o _1):A, &?H(l O)=B

aell) o) me ) el

a/1=b1=‘1, a2=b2=—1

If

these eigenvalue equations hold:
Aoy = ay, o, B, = b8

We seek all functions W(a,,b;¢) = Wy (f) satisfying the following
conditions:

0< Wy) <1, Zl} W) = | <o > |2, % W) = [<Bn¥>|*

For the present simple case, it is in fact possible to find all W’s con-
sistent with any given . Consider, for example,

()
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The marginal conditions are then

Wi+ Wi =0-9
Wai+ Wy =01

Wi + Way =0-8
Wi + Wy =02

Substituting Ws, =0-2 — W, into the second equation, we obtain
three equations in three unknowns W, Wi,, Wyy:

Wi+ Wi =09
= Wis+ Wy =—-0-1
Wi + We1 =08

An examination of the appropriate determinants reveals that these
equations have an infinity of solutions. However, it is easy to find by
using solid analytic geometry the straight line in (Wi, Wig, Waq)-
space which represents the set of real solutions. Then the condition
0< Wy <1 is used to delineate the segment of that line which
represents all admissible sets (Wi, Wis, W) and Wy, (via
Wos =02 — Wi5). When this is done, there results a one parameter
(7) family of positive semidefinite W’s satisfying the marginal condi-
tions:
Wr(aka by ‘1&) =My T+ Ay, 7€ [0,1]

() = 01 —0-1 {07 02
W={_o1 o1) ®=lp1 o
(Although this was worked out in detail for a specific i, the same
general procedure is of course applicable to any state vector in spinor
space.)
One member of this family is the uncorrelated distribution
Wy, by ) = [ <o |2 [<Bs 0|
to find the corresponding parameter +’ consider the form
Wolar by) = frg,

From the equations,

fi91=0174+07,  fog,=—01r+01

J192=—01r+02, fo9,=01r
two expressions for ¢,/g, may be derived:

g1 017407 —0-1r+ 01

g: —01lr4+02 017
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Solving for 7, we obtain 7' = 0-2. All other r-values in the interval
[0,1] lead to correlated joint probability functions.

The purpose of this simple spinor space example has been to show
that the marginal distribution requirements alone are not sufficient
to determine a unique functional of ¢, W(a,b;4). In general, given
any state p, we therefore anticipate the existence of many distribution
functions marginally consistent with that state. Again, we are
reminded of the ingression of physical circumstances into our formal
scheme.

Nevertheless, it is difficult to evaluate fully the significance of this
apparent multiplicity of W’s. There are in principle two possibilities:
(1) For every state there exists a unique W(a,,b;p) governing the
statistics of .7, %-measurement results for real physical systems; or
(2) The quantum mechanical state p does not determine the joint
distribution of &7, %-measurement results.

Alternative (1) has always been assumed implicitly throughout
most discussions of quantal joint probability. It is deeply rooted in
the fundamental quantum belief that the density operator p embodies
all that can conceivably be said about the measurement statistics
from the ensemble to which p refers. Moreover, since only p obeys a
causal law, it is the quantal construct ‘closest’ to the classical ideal of
physical state. The natural assumption to make therefore is that p
determines W{a,,b;) just as it determines W ,(a;) and W 4(b;). If so, we
should attempt to formulate some physical criterion which, when
required in conjunction with the marginal rules, extracts the one true
distribution from the set of marginally satisfactory ones.

There is in fact some precedent to support this plan. In the case of
commuting observables, it also turns out that the marginal require-
ments alone do not determine the joint distribution. Consider, for
example, two commuting spinor space observables

a; 0 by O
&[6—)(0 az): c%j(">(0 bz)aa’17éa2>b17é62

whose common eigenvectors are

(o) ()

For the state
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we obtain these marginal distributions:
Wi+ W=Wiu+Wy=4%
Wor+ Woa=Wis+ Waa=1

These equations are satisfied by the following one parameter family
of W’s:
Wia=mp 7 + ny, T€[0,1]

(myg) = (_ _i) ) () = @ %)

Nevertheless, we are able to select from among these, by invoking
further criteria, the single correct joint distribution. By working with
an auxiliary observable € through which o/ and # may be jointly
measured in the trivial sense, we find that

W11:%a szziy W12= W21:0

T.e., 7 = 1gives the correct Wy;; the others are physically meaningless.
(The general derivation of joint distributions for commuting observ-
ables was discussed fully in Section 3.) But this example hardly
suggests a general procedure.

If alternative (2) is correct, then for the case of noncommuting
observables there can be no similar criterion to distill a ‘true’ distribu-
tion from the set of marginally satisfactory ones, for the density
operator alone would not determine W. This is nof the same as denying
the existence of W since noncommuting observables are simul-
taneously measurable, of course W exists. What alternative (2)
suggests is that W does not exist as a functional of state, that simul-
taneous measurements are in some sense theoretical anomalies not
tractable by any comprehensive, universal theory resembling the
ordinary quantum theory of single measurements.

At this stage there is no firm basis for choosing between these
alternate interpretations of the fact that many proper W’s satisfy all
valid conditions placed upon them. Shortly we shall return to this
problem; but first it will be advantageous to roam in the relatively
unexplored (due to aforementioned taboos) realm of simultaneous
measurement theory.

where

Ht

9. A Search for ‘Simple’ Simultaneous Measurements

As we have seen, attempts to approach the study of quantum joint
probabilities via more or less natural random variable techniques
seem invariably to be thwarted at some stage by ignorance of, or
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perhaps even the nonexistence of, operators corresponding to com-
pound observables. It seems desirable therefore to develop a method
for examining simultaneous measurements which does not depend on
unknown operator-observable correspondence rules. To do this, we
return to the general ideas concerning quantum measurement which
were reviewed in Section 1. As explained there, quantum mechanics
is essentially a theory about systems which do not possess attributes
(i.e., values of observables). Instead quantum observables are related
to physical systems only in the dispositional sense conveyed by the
philosophical doctrine of physical observables of latency (Margenau,
1950). The primitive classical notion of possession (‘System S has
o/-value a;’) is superseded by the primitive quantal measurement
construct A (‘'If A (/) is performed on system 8, the value a;
will result with probability ..."). Accordingly, just as a theoretical
explanation of measurement processes in classical physics involved
relations among possessed attributes, a quantum theory of measure-
ment at best describes connections among the unanalyzable .#’s.
On the other hand, statements of such connections and associated
empirical procedures constitute the usual scientific concept of measure-
ment, or measurement scheme [operational definition, the epistemic
correspondence rule introduced by one of the authors (Margenau,
1950)]. To signalize the logical distinction we designate the latter class
of constructs, which form part of the theoretical structure of our prob-
lem, by .#,. These constructs were exemplified in Section 5 by a
discussion of the time-of-flight .#,(#) for momentum measurement;
typically, the theory of .#,(%) established a connection between
M(Z) already operationally defined, and .#(%), which thereby
acquired a theoretically validated definition itself.

In previous discussions of the joint-measurement problem empirical
examples, incompletely analyzed, have borne the brunt of the argu-
ments in favor of the thesis we are here advancing. There are pro-
cedures, it was pointed out, which permit an assignment of values to
pairs of noncommuting observables. Our present aim goes beyond
such indications; it is to show within the context of measurement
theory, as presented in the foregoing pages, how such empirical
operations function as parts of complete mathematical structures. We
shall see that certain kinds of .# , are free from theoretical difficulties,
while others seem to generate internal contradictions.

Because every physical process—hence any measurement scheme,
single or joint—has a quantum theoretical description, it seems
reasonable that whatever the correct joint probabilities are, they
should be derivable within the framework of a quantum theory of .# ;.
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That is, if a given procedure # (% ,%) is to be regarded as a method
for simultaneous measurement of & and #, the scheme must be
certified by a theory establishing relations between 4 (%), 4 (P) and
whatever ‘direct meter readings’ are used as the basis for inference of
simultaneous #(Z) and 4 |(#)-results; from this analysis it should
be possible in principle to find the probability for the occurrence of
those ‘meter readings’ which imply any given pair of Z'- and #-values.
This measurement-theoretical approach to the joint probability
problem bypasses the difficulty associated with the operator-observ-
able correspondence which obstructed the methods reviewed earlier.
All this will be clarified below by explicit examples.

To develop these ideas further we next distinguish two kinds of
M 5-concepts: (1) simple or type A and (2) historical or type B. This
distinetion will later turn out to have considerable bearing on the
problem of compatibility. (1) A simple .#, begins with system S in
an arbitraryt state p, at some specified time ¢, and demonstrates how
some single operation upon S eventually leads to numbers from which
may be inferred .#-results to be associated with S in state p,,. It is
to be especially noted that the state of S before ¢, is completely irrele-
vant. We shall also refer to this class of measurement belonging to
type A. (2) An historical 4 ,-theory also seeks to certify some operation
as a bona fide supplier of numbers which can be meaningfully inter-
preted as .#,-results for S in state p,. However, unlike the simple
type A, the historical .#,-theory cannot be worked without detailed
information concerning the structure of p,,. Such information might
be deduced from facts about the past history of the system, e.g., its
state at some earlier time ¢; <{; plus its physical environment
between #, and #;,. An example of each type appeared in Section 5:
the simple time-of-flight .#,(#) and the historical time-of-flight
M % ,P) of type B.

Physically, the .#,-theories of type A have been of greatest in-
terest because they represent the idea of measurement in its most
primitive form as a process applicable to a system at any instant
independently of its past. An auto speedometer registers the speed of
the car at any time regardless of the past wanderings of the vehicle;
meteorological instruments record today’s weather conditions with
indifference toward yesterday’s. Similarly, in quantum mechanics
the language of .#,’s usually presupposes that measurements are
performed upon systems in states which are simply given without

T 1.e., practically arbitrary. Recall, e.g., that the time-of-flight #s(#) did

require i(x) to have compact support, but no speeific functional form was
demanded.
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details as to the actual method of preparation. Accordingly, .# .-
schemes for single observables (or commuting sets of observables)
have been of type A. It is therefore natural to seek a simple .# ,-theory
covering the simultaneous measurement of several noncommuting
observables. However, in view of the fact that both examples of
simultaneous measurement given in Section 5—the time-of-flight
M X, P) and the use of two systems already correlated at the time
of interest—were of type B, there is perhaps no reason to be optimistic
about finding any simple theory for simultaneous measurement.

We shall now outline two fairly general procedures which, at the
outset, seem to be altogether plausible methods for achieving simul-
taneous type A measurements of two noncommuting observables. In
both cases theoretical obstacles will eventually arise, and this will be
interpreted as evidence that quantum theory does probably forbid
simultaneous type A measurements. Deeper reasons to anticipate
such a theoretic prohibition will then be explored.

Let S be the system upon which .#,(o/,%) is to be performed.
Suppose a second system M with an observable %, U6, = w0, interacts
with 8 in such a way that the following correlations result:

Ty sl ® xo) = %] culh) o @ 6

with marginal conditions
g lew()]? = <o P |? and % ler()|® = [<By ¥ |®

where T',; 5 is the evolution operator for this .# (.27, %)-scheme and ¢
and &, are the initial state vectors of § and M. Since these equations
imply that post-interaction .#(o)-results occur with the same
probability as they would have before interaction and that a post-
interaction .4 (%) would yield u, with the same probability that a
pre-interaction .#,(#) would have yielded b,, a simple .# (7, %)
procedure yielding .#(o7)- and #,(%)-results for the instant before
interaction may be defined as follows: after interaction, measure &/
on S, % on M ; if the resulting number pair is (a;,u,), the pair (o, 5,)
is declared the result of simultaneous .#{(<f) and A |(#) for § in the
state i, i.e., just before interaction with M.Ifa T, 5 exists which can
accomplish these correlations, the derivation of the associated joint
probability distribution is immediate:

Wiag, by ;T o, ) = lckl(‘ﬁ)l z

We have indicated a possible dependence of W uponT',, 4, i.e., upon
the method of measurement, since in the case of joint measurements
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there is no a priori assurance that the distribution would be indepen-
dent of this factor. (For single measurements, we know axiomatically
that probabilities depend only on the state.) The important point here
is that if such a 7', 4 exists, we have an example of a type A theory
of M .(o/,%), complete with joint probability distribution. Unfor-
tunately, no such 7', 5 exists.

To see why, consider first b = «,,. In this case

Zl Ickl(“n)lz = l<°‘lc> ‘xn>[2 = 8Im

Since [¢y|* > 0, this implies that ¢;(«,) = 0, k # n; thus ¢y(«,) has the
form eyle,) = 8, ¢;(,) and accordingly

) ler(on)|? = |gul0) |2 = | (Bry otap|?
Hence
T ale, @ xo) = % St Jilotn) oy @ 6

Now, by superposition we can derive the transformation associated
with any i subjected to this type of measurement. If

¢' = % <°‘m ¢> Oy
T‘sa//%’(ﬂb ® XO) = %l (ot ‘/’> Okn Jiloey) o @ 6,

= % Coy ) Gillotg,) oy @ 0,
ie.,

) = gile) o ¥

Checking this form against the two required marginal conditions,
we find that one of them is not in general satisfied ; to be sure,

% Jea® = (3 o) |2) [ Con )17 = [ <ot > |2
but

% |Ckz(‘/‘)|2 = ng(o‘/e)lz (zk] l<°%: ¢>[2) = ‘91(0%)|2 = Kﬁl’ 0%>|2 # K:Bla ¢>lz

Hence the simple .# 5(.o7, %) here envisaged is theoretically impossible.

The same conclusion is obtained if we attempt to construct a type A
M o(f, %) based upon interaction of the primary system S with fwo
measuring devices, M (/) and M(Z#), which we might call .«7- and
Z-‘meters’. If y,, £, are the initial states for the meters, %, ¥~ are
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observables belonging to M (), M(#), respectively, U0, = u,, 0,
V4, = v,7,, and {p;} is an orthonormal set of vectors in the Hilbert
space of S, the following correlation scheme would describe an

M oA, H):
Ty a6l ® xo ® &o) ZZ% SmaP) 1 @ O & 7,

with marginal conditions

3 Jsunl)]* = |<otms 9]
and

%:n lslmn(lp)lz = [<ﬁn? ¢‘>I2

Mo, F) would consist simply of ‘reading’ the two meters (measur-
ing % and 77} after the interaction; if (u,,v,) results, (a,,b,) is
declared the result of simultaneous .#,(«/) and .#(#) upon § in
state i, i.e., just before the interaction. Once again the joint distribu-
tion would be easily derived:

W(amran Sl'; TM,.@) = El] Islmn(‘ﬁ)lz

Like the previous example, this .#,(s/,%) is impossible; thus
noncommuting observables cannot be simultaneously measured
merely by letting S interact with two meters and reading the two
separate results. To prove this, note first that for b = o,

T,z ® xo ® o) =z%z Syt Jin (o) p1 @ Uy @ 1y,
=2 gulow) 1 @ O ® 71w
S [Smeine)]* = 5 leunon)|* = | B>
% |8t Giaote) | * = |ty 2 |* = B

Now consider the superposition

lp == Elc: <“Ic7 ‘z[’> 297
Tt leads to

T2 ® xo ® &) =%}b Loty D i) o1 @ 0 ® 7,

ie.,
Spen = Gl o) o> Y
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But this sy, does not satisfy the second marginal condition:

%c] l'gumlz = % ]<“k> l/’>]2 lgln(‘xlc)lz = % K“ka ¢>|2 Zl] |gm(°‘1c)|2
= zlc: [<°‘k7 ¢>§2 ‘<ﬁm O‘k>i2 # IEIE <a']m ¢><3’m c‘/’c>{2: '<i3m ¢>l2

The foregoing examples were presented as evidence for this pro-
position: (O) Simultaneous type A measurements of noncommuting
observables are theoretically impossible.

Of course merely citing two unsuccessful attempts to develop a
simple A (o7, %) does not prove the proposition, but for the first time
in the present study, we have found good reason to suspect that
quantum theory may indeed place some restriction upon joint
measurability. However, if so, the qualification will nof be a sweeping
mandate to the effect that .#.(o/, %) is generally impossible, since
that common version was refuted in Section 5 by counterexamples.
Rather (O) would mean only this: given at time ¢, a system S of
unknown history, it is impossible to devise an operation .#,(s/, %)
which leads to numbers (o, ;) interpretable as 4, (o/)- and A ,(%)-
results for time #,.

Let us attempt to prove (O) by assuming it to be false and then
trying to deduce a contradiction with quantum theory. That is, we
now hypothesize that a theoretically certified, simple .#,(#, %) does
exist in spite of our preceding difficulties in formulating one. This
means that given a system S in state pg(ty) ab ¢y, A (o, %) may be
performed and will yield (a;,5;), the results of simultaneous .4 (7},
M (#) at t,. Now, suppose that § and another system O with which
S is not interacting are regarded as one composite system and that the
state of the latter at #, is pg.o(fo). The density operators pg,o(fo) and
ps(to) will then be related by Trqpsyicl(fe) = ps(to), where Try denotes
the trace over (s Hilbert space.

Since § is not in interaction with O, the efficacy of .4 ,(o/, #) cannot
be affected by any statistical correlations which may inhere in the
composite state pg(ty). In particular, it may be that pg. o(f,) involves
double correlations of the kind employed in the famous Einstein-
Podolski-Rosen (Einstein ef al., 1935) (E.P.R.) discussion concerning
the completeness of quantum mechanics. If o7, % are the S-observables
to be measured and %, ¥~ are noncommuting C-observables with
respective eigenvector sets {6,,}, {n,}, such double correlation may be
expressedy as follows:

ps+c =Ly, Y’=%Ch“/c®9k=l2dzﬂz®m

T For specific examples, see Einstein et al. (1935) or Park (1968).
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The first form of ¥ implies that from an .#(s/)-result one may
conclude what result a concurrent .#(%) would have yielded;
similarly the second form shows that if .# (%) is performed the result
that a simultaneous .#(7") would yield may be inferred. Hence if the
procedure #,(o/,%) is applied to S, the results (a;,b;) lead to the
prediction with certainty that simultaneous A4 (%) and A4 (¥") would
have yielded (u;,v;) at £y. But system C is not disturbed by this process;
during #,(7, %), C evolves from its state at £, just as it would have
if M o(, %) had not been performed on S. However, #,(o/, %) has
provided a means for dividing the C-ensemble into identifiable sub-
ensembles. In particular, consider the subensemble comprised of
those members of the C-ensemble for which .#,(%) was certain to
yield ug and #,(¥") was certain to yield vy, at ¢,. This (ug,vz)-sub-
ensemble must have a density operator pg;(ty) since P2 and Thl
assure the existence of a p for every preparable ensemble. From the
definition of the (ug,v,)-subensemble, it is clear that pgz(f,) must
satisfy these conditions:

Walvwg; prr(to)] = Tr [pry(to) Po, ] =1
Woylvw pro(te)] = Tr [prslfo) Pyl =1

and by Th3, Tr[pgz(te)] = 1. By using the matrix representation of
these equations, it is easy to see that the only possible solution is

prilto) = Poy, = PnL

But since [%,77] # 0, the sets {6;} and {n;} cannot be identical; it is
therefore always possible to choose ug, vy, such that 0y # n;. This
means that pg;(¢y) does not exist, hence that the proposed preparation
scheme for the (uy,v;)-subensemble is impossible. Thus some assump-
tion upon which that scheme was based must be false.

To be specific, we must examine two key assumptions: (a) there
exists an . ,(o/,#) performable upon any arbitrary pg(fy), i.e., an
Mo, B) of type A; (b) for every pg(ty), it is possible to find pg.q(fy)
which incorporates the EPR-type double correlation. It turns out
that (b) is false ; double correlations cannot be generated from arbitrary
ps(to). For example, consider the common case pg =Py and seek a
vector ¥such that Tre Py = Py. From von Neumann’s theorems about
states of composite systems, it follows that p; has the form po = P,
and hence ¥ = ® x, a form which cannot embrace double correla-
tions. That this is the case may be seen by expanding y ® x in terms
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of {o, ® 0,,} and of {8, ® 7, } and seeking conditions under which both
expansions exhibit correlations:

V= %ﬁ oy ‘1[’><9ma X o & b, = l%: <Bla ‘;b><77m X> Bl ® N

Consider only the first expansion; it will correlate .«/- and %-
measurements if

(o ¢><6m7 x> = O m s ¢><9k7 X>

a condition which can only be fulfilled by the trivial cases, y = 0 or
= 0, and by the conditions y = 0,,, = a,,. But similarly it follows
from the second expansion that y =v,, ¥ =p,. Hence the very
common case pg=Py counters the assumption (b) that doubly
correlated states are always available. Thus our EPR-inspired demon-
stration does not prove (0) conclusively.

It does, however, prove this: (O’) if a system is in any doubly
correlated state pg(ty), then a simultaneous type A measurement of
the noncommuting observables involved in the correlation is im-
possible. In other words, if assumption (a) were true at all, it would
have to be modified to read as follows: (a’) there exists an .#,(7, %)
performable upon any pglt,) except those which are doubly correlated in
o/ and #—a rather strange statement.

Although the foregoing considerations do not rigorously prove that
type A M o(o/, %) are generally impossible, it is difficult to allay the
suspicion that (O) may indeed be correct. The above reported failure
of reasonable attempts to develop simple # ,-theories together with
the proof just given of (O) certainly point in the direction of (O).
Moreover, the fact that we have been unable to find even specific cases
of simple M o7, %B)’s provides inductive support for (O).

Finally, it is instructive to summarize in a concise way the theoreti-
cal basis of our ‘partial proof’ of (0), i.e., our proof of (O'). As we
have seen, a consistent quantum axiom set does not forbid simul-
taneous measurement in general; it does, however, entail important
prohibitions regarding ‘simultaneous preparation’. For example, it is
strictly impossible to devise a method for preparing systems certain to
yield given Z- and #-values upon measurement; such a procedure
would, among other things, violate the uncertainty principle. In short,
certain ‘simultaneous preparations’ are inconceivable in quantum
mechanics.

Any proposed operation which leads to a contradiction with these
basic restrictions on ‘simultaneous preparation’ must be regarded as
physically impossible. In the double correlation argument above, the



272 JAMES L. PARK AND HENRY MARGENAU

operation in question happened to be a certain kind of measurement.
However, this does not refute our earlier admonition (Section 1) that
measurement and preparation must not be equated as is customary
among proponents of wave packet reduction. Measurement and
preparation are generally distinct, but, being constructs within the
same theory, they can of course be related through propositions such
as (0).

10. Some Examples of Quantal Joint Distributions

As we have just seen, it may be that type A measurements cannot
be extended to include simultaneous measurement of noncommuting
observables. Thus it is plausible that the orthodox principle of in-
compatibility, though incorrect as a general proposition, might be a
valid assertion about type A measurement schemes. Since the latter
have customarily been emphasized in scientific practice, (O), if correct,
would explain to some extent why it is that the standard doctrine of
incompatibility, which is not only erroneous itself but is also often
‘derived’ from false premises such as the projection postulate, has been
able to survive and indeed flourish in the physical and philosophical
literature. Because of its practical, and perhaps general, validity for
type A measurements, the orthodox principle of incompatibility has
become a quantum platitude, a creed whose words are occasionally
repeated but whose content is essentially ignored.

However, even if it turned out that such simple joint .#,’s were
nonexistent, this would not eliminate all simultaneous measurement
schemes. There would still be interesting type B procedures to study.
Accordingly, the remainder of this section will be devoted to deriva-
tions of the joint distributions associated with several joint .#5’s of
this historical type. Perhaps another suitable adjective to describe
this class of A ,’s would be accidental, for as close scrutiny will reveal,
each of these simultaneous measurement methods requires the
quantum state involved to exhibit rather extraordinary properties.
However, even though they are ‘historical, accidental, and extra-
ordinary’, these schemes do represent valid simultaneous measurements
of noncommauting observables, and they do therefore legitimately refute
the claims that (a) such measurements are impossible, and (b) that the
associated joint distributions do not exist.

(1) Time-of-flight A4 o(%,#): The theory behind this method was
presented in Section 5, where is was shown that, under certain condi-
tions, an Z-measurement yielding z implied that a simultaneous
P-measurement would have yielded p = ma/t with theoretical error
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which can be made arbitrarily small in contradiction to the standard
misinterpretation of the uncertainty theorem. Obviously, the joint
distribution associated with this . ,(Z,%) is given by the following
probability density:

(e, i) = @) (=75

(2) Electric field #,(%,2): Consider an electron (charge ¢) in a
uniform external electric field £. If (2, 0) is the initial electron state,
the state (x,t) at time £ is given by the following unitary transforma-

tion:
. 2 2 3
O WY e |
Y1) _A/ (Qm'kt) eXPh[ o T T 24m]
wd . i_mxxl mxy® | flwy Sz, 0)
S b | I T R
where f = ¢H.

From this transformation follow two probability ‘matchings’ on
which an .4, (Z,#) may be based:

(@)  Walp € (p1,p2);bol = Walp € (p1 + St s + [t )]

(b) W@[Pe(pl:Pz)Slﬁo]:W%[W ( +ft2 pat ftz) ‘/’t]

Im’ m
ast—

provided (z, 0) is nonzero only in some finite interval (—axg, z,).

Equation (a) means that .#{(%) at ¢t =0 yields p with the same
probability that .#(%) at t > 0 yields p + ft. Equation (b) provides
this A 5(Z#): to determine what .# (%) at t = 0 would have yielded,
measure Z at sufficiently large ¢ and use the result x to evaluate
p = (mzft) — (ft/2), which then counts as the result of .#(#) att = 0.
By analogy to the time-of-flight method, we have only to combine
(a) and (b) to obtain an A 5(Z,%): given an electron (with initial state
J(x, 0) of compact support) in a uniform electric field, wait a very long
time and then measure Z'; if the result is #, it is inferred through (a)
and (b) that a simultaneous .# (%) would have yielded

(m_x_fj)+ft _+ﬁ

¢
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The joint probability density associated with this method is accord-

ingly
wle ) = @) (- 77 =)

To prove (a), it is sufficient to show that the evolution operator for
the electron in the electric field transforms an eigenvector belonging
to eigenvalue p into an eigenvector belonging to eigenvalue p -+ ft.
Thus, let i(x,0) = (2#h) " exp (ipx/k) and determine the corresponding
Yz, t):

Pla,t) = {\/(;wﬁ)A/ (Z:th)e P;i[m fte - fz 3]}

a0

[ m mx
X delexpi—z[—%xhr 21 2ﬂx1+px1]

-] fwdxlexp[—xl (a7) + i (- 55+ 55 +2)]
el o]

B 1 i fto 22
= [—\/(277%) expy (p+ 1) ”] ["'XP 7 (2m T om W)]
which will be recognized as the desired eigenvector (the second bracket
is just a phase factor independent of ).
To prove (b) let (x,0) denote any wave function which is nonzero

only within an interval (—aq,2,) and consider the following prob-
ability function:

Wg[xe (—~+fl2 p—z—I-ftz) sl't]

b=(pa2t/m)+(ft?/2m)
= |, £)|2 de
a=(p1t/m)+(ft2/2m)
0

b |
. |
_[.m o[ mawy | omay? | fie |
_fzwm feka[ TR ]‘/’(xl’o)dxl

Under the substitution x = (pt/m) - (ft2/2m), this becomes

2

dx

12

e [ (- (5o
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which, by the same argument given in Section 5 in the time-of-flight
case, for sufficiently large ¢ becomes arbitrarily close to

2

dp = Walp € (p1,p2); Pol

[es]

\/—(;Trf) f exp (_%90_1) Bz, 0) d:t:ll

o ]

D2

J

P

(3) Correlated systems #,(o7;,%;): This general method was
discussed at the end of Section 5. Since the state of S; + 8, is Py,
where

V=3 cpof’ ® of
k
the state of S; alone is

pr=TrPy=% |0 * Py

Now, the .#,(%/;) which determines the desired .# (.7 )-result also
provides a method for resolving the S,-ensemble into its pure sub-
ensembles P, .. (As a matter of fact, this is a case where even the
naive version of the projection postulate could be used Without error.)
Thus the S;-subensemble to which the .# (&7 ;)-result af is assigned
has state P,,,, and .#(%#,) on that subensemble would yleld bV with
probability Tr (P, Pg.u) = [(FY,ai’>|?. Since the fraction |¢* of
the 8;-ensemble would be in the subensemble P, ,, it follows that the
joint probability associated with this 4, is

W( (1) b(1)7 Pl lckl |<B(1) (1)>|2 TI' plPtx}»(I)) TI' (Po(k(l)PBz(l))

To summarize, the foregoing joint measurement schemes led to
these probability functions:

(1) wlz,pi ) = [l 128(10—@9) Lo
@) wlepih) = )3 (p -7 L)t
(3) W(a’gcl): bél)Ql)l) =Tr(p; Py,a,) Tr (Pak(l)P‘Bl(l))

Note that in each case the two observables are stochastically depen-
dent.

(4) Magnetic field .#,(%,7",): Since in a magnetic field the
canonical momentum is gauge dependent, we here consider the

problem of measuring the y-component of position and wvelocity, % and
i8
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¥, If an electron in a uniform magnetic field B = Bk is initially in
the state ¥(x,y,z2;0), the state at time t is given by (Einstein et al., 1935)

. m \32 wtf2
P = (57) (i)
© © © . . 2 i
X fdxl f dy f dzlexp%g{(z tzl) +%(cot%)

X [~ 21)? + (f — y0)*] + wlwgy — wya} W (z,y,20)

where w = eB/mc and the gauge is so chosen that the vector potential
is A = B/2(—yt + zf). From this transformation the following prob-
ability equations may be derived:

(a’) W‘/fy[vy € (vla '02); l-ZJO] = W”/fy[vy € (’—1725 - Ul)§ YIT]
where 7 = 7/w.
(b) If

then

Wy [v, € (v1,05); Pol = Wy [70 € (%%1 s %vz) ; 917]

Proceeding as in previous examples, we may define an #,(%,¥",)
as follows: to measure % and ¥", at time = for an electron initially in
the state 8(x)i(y) {(2), measure & at 7 and use the result z to evaluate
vy, = —(wx/2); also measure # at r to get result y. From (a) and (b) it
follows that the pair (y,v,) may be regarded as the result of simul-
taneous .# (%) and .#(¥",) at =. The joint distribution of y and v,
will depend on that of ¥ and « since v, is determined from .

To prove (a) and (b) and to find the desired joint distribution, it will
be necessary first to obtain the ¥ (z,y,z; ) corresponding to

¥(x,y,2 0) = 8(x)(y) LT
It is convenient to work with the expansion

[ee]

exp (ipy/h

¥(oy50=3@) [ o) "L ap e

— 0

t ¢(y) and {(z) are assumed normalized. However, since ¥ (z,y,2;0) contains

also a Dirac 8, it is only 8-function normalized; thus ¥(x,y.z;7) is also

d-funetion normalized. As a result, probabilities computed from these wave

functions will involve meaningless §(0) factors which will be replaced by unity

at the end of such calculations. (This replacement will be indicated by using
the symbol ‘=’ instead of =.)
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where ©
I _ipy
#(p) = V(m)_i exp (= B) wty)ay

is the canonical momentum space wave function corresponding to

P(y)-
‘P(x, 7, z,g)
= (%) (7—;) [J(zi:%i) —l‘wexp%‘;{v (z —21) 2{(21) dzl]
X fw da, j.?d?/l exp g—% [w(@:y —2y1)]8(x1)

f dp o p) TR P [B)

v
~(za) e [ o0ty [ s 5[5 2]

[

(i) 2 M’ ol o)
LI

(The factor in brackets is normalized.)
From this expression we next obtain

Wy[m c (% _2_'0_) : SUT]
w w
2vsfw

- e

27)1/0)

f:%"idy}( f[g(z,f)(%lz)

= [ ptmo)|2m v [3(0)](1)

1

‘= fz |p(mo)|2m dv

which must be compared to W, [v € (vy,v,); ¥], where

¥(,y,20) = 6(x) §(y) {(2)
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The operator V, such that V,«»> ¥, is

1 e i 0 o
Vy:?ﬁpy_n_{cAy—%@—§x
its eigenfunctions are

Naopoze = 3(m - xo)%ﬁ%o] 8( )

The V,-eigenvalue corresponding to 7,,,,.. i8

pyo (i)

m 20
W, is then calculated as follows:

Wy [v € (v1,v2); ¥ol
V2 o0 o0 ¢} . o
= f d’l]_f dx()—f dpl/u—L d20|<7]9&opyazu: W0>]2 5 I:v - (% - __0):|

2
= Tdv fdxo fdpyo fdzo

[ee] [ee]

| fdx_fdy_fwdz

{—o0

2

J
e — ) SRl o — ) sy ) 22)

Py,
ol )]
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Comparison with the expression for

W [x (201 20, @ )]
w w
shows that (b) is true.

We next prove (a) for the specific ¥, involved in (b), since only that
special case is required for the .#, under consideration.

W‘//y[v € (_7)27_0 ); gj‘r]

— o0

= Uldv f dx, fdpﬂ, fdzo |[<N0pyo 205 T>]28[ (% m%)]

_ 2

f d jmdxo fmdp,o fdzo [ (pm wx‘))]

—2 2
fdx fo dy fwdzB(x——xO)Q&\(/_(%%ﬂ@
Y =L

—v1 oo =2}

_ﬂfz dv f divo fdpyo( ~) (Pye) 3(20,)
o757 o[ (5]
= f dw fdxomfu’ (mwxo)‘ 3(0)8[v+§—x0]

X

A I

:f |p(—mew)|2m dv 5(0)
—v1

= f |p(—mw)|2m dv

—P2

= f |p(m0)|2m dv
This equals W, [v, € (v1,0,); ¥o]; hence (a) is valid.
The joint probability density w(y,v,;¥,) for this #,(%,¥",) is
easily obtained. Since .#,(¥",)-results depend on #(%)-results,



280 JAMES L. PARK AND HENRY MARGENATU

w(y, vy, ) is simply related to wy 4(x,y; ¥,), which is calculable in
the standard way:

W, (%, Y; ¥ =~f| Y(x,y, 2 T)] tdz = (%)1/(@;) ? (%ﬁ) 2

Since v, = —(wx/2) at 7, the density w(y,v,; ¥,) is given by

0l 03 V) = 2 o (220, ,) = (3o gt

The fact (counterintuitive for some physicists) that simultaneous
measurements of noncommuting observables could be stochastically
independent and be in harmony with the basic structure of quantum
mechanics has previously been emphasized by one of us (Margenau,
1963). The above expression for w(y,v,;¥,) shows that such in-
dependence of A4 (¥) and .#(¥",) actually obtains for this particular
M (% ,¥",). To see this more clearly, note that

W(?/, Uys 1‘177') = w‘i?/(y) wa(vy)

where wy and w,-, are computed in the usual quantum mechanical
manner:

wyly) = f dz f a2 |¥ (@, y,7)|?
Lo Je)olr) ) L))
_me
4zl
Wy, (0,) =;J‘wdx0_ fodpyo_fodzo [ Naopozer Trr |8 [Uﬂ - (1:;0 o ‘L;”_O)]

IZG)

= 3(0) m|p(—mv, m|p(—mv,)|®

Thus we have a counterexample to the idea that noncommuting
observables must somehow ‘interfere’ with each other during measure-
ment. Although [Y,V,] # 0, simultaneous .# (%) and .#+(¥",) per-
formed via the present 4, yield stochastically independent results.
But of course the uncertainty principle still holds; indeed here
A% AY", — o, provided the A’s are standard deviations related to
collectives of simultaneous #, ¥ ,-measurements.
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In conclusion, we summarize the salient results obtained :

(1) If quantum theory had to be based upon the common assertion
that to every physical observable there corresponds an Hermitean
operator, then the theory would be self-contradictory, for that axiom
proclaims the existence of certain operator-observable correspond-
ences which, as a consequence of the remaining axioms, cannot exist.

(2) A byproduct of these contradictions is von Neumann’s theorem
on simultaneous measurability, which seems to be the only logical
foundation for the orthodox principle of incompatibility of non-
commuting observables,

(3) Once the concept of measurement is properly understood, it is
possible to give explicit examples of quantum theoretical schemes for
the exact simultaneous measurement of noncommuting observables.}

(4) The contradiction between von Neumann’s theorem (2) and the
counterexamples (3) is simply a reflection of the contradictions noted
under (1).

(5) If quantum theory entails only a weak correspondence between
operators and observables, i.e. if it is assumed only that Hermitean
operators represent observables but not that all observables have
operator representatives, then the contradictions disappear; in
particular, von Neumann’s theorem no longer follows from the axioms.

(6) Moreover,none of the basic theorems which form the substantial
core of quantum physics is affected by this axiomatic shift from strong
to weak correspondence.

(7) The structure of quantum theory does seem to resist the
formulation of a certain simple (type A) theory of measurement to
describe simultaneous measurement processes ; nevertheless, quantum
mechanically certified simultaneous measurement schemes of the
historical kind (here called type B) can be developed.

(8) Derivation and comparison of the joint probability distribu-

T It is important to realize that we have used the term measurement ex-
clusively to refer to theoretically ideal processes which yield sharply defined
numbers. (In a full treatment of the general nature of measurement (Margenau,
1950, pp. 369-375), such procedures have been called ‘successful’ measure-
ments.) Occasionally one sees discussion of so-called imperfect ‘measurements’
which presumably yield both a number z and an interval of ‘uncertainty’ Az
covering that number, a concept invariably used without any clear definition.
Recently several authors (Arthurs & XKelly, 1965; She & Heffner, 1966;
Prugovecki, to be published) who tacitly accept the projection postulate and
therefore believe that noncommuting observables cannot be simultaneously
measured with exactitude have advanced simultaneous ‘measurement’ theories
wherein the term measurement refers to these (in our opinion ill-defined)
imperfect ‘measurements’,
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tions associated with several methods of simultaneous measurement
reveal that quantal joint probabilities may be either correlated (e.g.,
the time-of-flight case) or uncorrelated (e.g., the magnetic deflection
type). Indeed the diversity of form among the specific distributions
studied indicates that quantal joint probabilities for noncommuting
observables are probably not functionals of state alone but depend as
well on ‘historical’ factors concerning particular #,’s.
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